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• FFNS

• ZM-VFNS

• GM-VFNS

• FONLL

• NLO Monte Carlo generators

• [kT factorization]

• [Double parton scattering]

• [Diffractive production]

Outline
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Theoretical approaches:
Fixed Flavor Number Scheme

(FFNS)
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FFNS/Fixed Order

d�Q '
X

a,b

fA
a ⌦ fB

b ⌦ d�̃ab!Q+X

Factorization formula for inclusive heavy quark (Q) production:

sum over all possible 
partonic subprocesses
NO heavy quark PDF

Calculable short distance cross section; 
log(pT/m) terms kept in fixed order

PDFs
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FFNS/Fixed Order

d�Q '
X

a,b

fA
a ⌦ fB

b ⌦ d�̃ab!Q+X

Factorization formula for inclusive heavy quark (Q) production:

sum over all possible 
partonic subprocesses
NO heavy quark PDF

Calculable short distance cross section; 
log(pT/m) terms kept in fixed order

PDFs

Inclusive heavy-flavored hadron (H) production:

d�H = d�Q ⌦DH
Q (z)

Convolution with a 
scale-independent FF

* non-perturbative 
* describes hadronization
* not based on a fact. theorem 

Sunday, March 15, 15



Leading Order (LO)HEAVY QUARK HADROPRODUCTION IN LEADING ORDER (LO)

Leading order subprocesses:

1. gg → QQ̄
2. qq̄ → QQ̄ (q = u, d , s)

• The gg-channel is dominant at the LHC (∼ 85% at
√
S = 14 TeV).

• The total production cross section for heavy quarks is fi nite.
The minimum virtuality of the t-channel propagator is m2. Sets the scale in αs.
Perturbation theory should be reliable.

• Note: For m2 → 0 total cross section would diverge.

[See M. Mangano, hep-ph/9711337; Textbook by Ellis, Stirling and Webber]
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Next-to-leading Order (NLO)HEAVY QUARK HADROPRODUCTION IN NLO

Next-to-leading order (NLO) subprocesses:

1. gg → QQ̄g
2. qq̄ → QQ̄g (q = u, d , s)
3. gq → QQ̄q, gq̄ → QQ̄q̄ [new at NLO]
4. Virtual corrections to gg → QQ̄ and qq̄ → QQ̄

NLO corrections for σtot and differential cross sections dσ/dpTdy known since long:
• Nason, Dawson, Ellis, NPB303(1988)607; Beenakker, Kuif, van Neerven, Smith,
PRD40(1989)54 [σtot]

• NDE, NPB327(1989)49; (E)B335(1990)260; Beenakker et al.,NPB351(1991)507
[dσ/dpTdy ]

Well tested by recalculations and zero-mass limit:
• Bojak, Stratmann, PRD67(2003)034010 [dσ/dpTdy (un)polarized]
• Kniehl, Kramer, Spiesberger, IS, PRD71(2005)014018 [m → 0 limit of diff. x-sec]
• Czakon, Mitov, NPB824(2010)111 [σtot, fully analytic]
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Next-to-leading Order (NLO)

• Fixed order NLO calculation also useful to obtain 
predictions of heavy quark correlations!

Mangano,Nason,Ridolfi (’92)

Sunday, March 15, 15



• Two-loop virtual most difficult

• Analytic approach: Bonciani, Ferroglia, Gehrmann, 
Maitre, Studerus, von Manteuffel (’08-’10)

• Numeric approach: Czakon, Mitov et al.

• Virtual + Real
Dittmaier, Uwer, Weinzierl (’08) 

• Subtraction method for IR 
singularities in double real 
Czakon (’10-’11)

Next-to-next-to-leading Order (NNLO)

Channels: qq̄, gg, qg
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• Available now for top pair production!

• Total cross section

• Differential distributions

• Analytic approach not yet complete
[Bonciani et al.]

Next-to-next-to-leading Order (NNLO)

Czakon, Mitov, PRL110(2013)252004

Czakon, Mitov, arXiv:1411.3007

Very large scale uncertainties at NLO in c,b production

NNLO will be crucial to make progress!
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Figure 1: CDF data [6] for d�/dpT of B+ production compared with predictions from the
FFNS. The dashed lines represent the theory error obtained by varying renormalization
and factorization scales by factors of 2 and 1/2 around the default value µI = µR = mT .

i = R, I and ⇠R = ⇠I = 1, mT =
q
p2T +m2

b , while the dashed lines represent an estimate
of the theoretical error obtained in the usual way by varying the scales by a factor of
2 and 1/2. We take the transition of b and b̄ quarks to the observed B meson final
state into account by using the branching fraction B(b ! B) = 39.8% [37] as an overall
normalization factor. The prediction from the FFNS agrees with the CDF data quite well
within experimental errors up to pT ' 15 GeV. Beyond this value of pT the FFNS starts
to over-estimate the data as has been shown already in our previous publication [34].

In the FFNS there is no need for FFs. A scale-independent FF might be introduced,
however, on phenomenological grounds and on theoretical considerations to guarantee a
proper matching between the schemes with nf = 4 and nf = 5. In Fig. 2 (left panel) we
show results where a scale-independent Peterson fragmentation function with ✏ = 10�4

was used. We find only marginal di↵erences with the case where a constant branching
fraction is used. Note that there are no g, q, q̄ ! B transitions in the FFNS.

In addition to uncertainties from scale variations there are additional uncertainties due to

4
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Figure 2: d�/dpT for B+ production at the Tevatron in the FFNS. Left panel: using
a Peterson fragmentation with ✏ = 10�4. Renormalization and factorization scales are
varied by a factor of 2 up and down around the default choice µI = µR = mT . Right
panel: uncertainties from varying the b-quark mass. CDF data are from [6].

errors in the input parameters. We postpone a discussion of errors in the parametrization
of PDFs to the case of predictions for the LHCb experiment (see Fig. 7 below), but instead
show the influence of varying the b-quark mass for the Tevatron measurements in Fig. 2
(right panel). At low pT the uncertainty is comparable in size with the scale uncertainty,
but it is negligible at pT above about 2 times mb.

In [34] we had already presented a detailed comparison of results from the FFNS and
the GM-VFNS with CDF data for B+ production (see, for example, Figs. 7, 8 in [34]).
For calculations in the GM-VFNS we use the scale-dependent fragmentation functions
described in Ref. [34]. In this case there are also small but non-zero contributions for the
transition from light quarks and gluons to B-mesons. With the default choice of the scale
parameters ⇠R = ⇠I = ⇠F = 1, the GM-VFNS predictions diverge for pT ! 0, in obvious
disagreement with the data. We notice, however, that the two predictions approach each
other at around pT ' 20 GeV, i.e. 4 to 5 times mb. In Fig. 3 we show a similar comparison
of the FFNS and GM-VFNS predictions compared with the LHCb data [15]. Although
these data correspond to much higher center-of-mass energies and to di↵erent rapidity
ranges compared with the previous results in Ref. [34], we observe the same qualitative
behaviour of the FFNS and GM-VFNS predictions and a transition point again at about
the same value of pT ' 20 GeV.

5

no FF Peterson FF Varying m_b

Some NLO results for B-meson production

NLO FFNS works very well for pT up to roughly 5m
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Remarks:
• Fixed order theory in reasonable agreement with Tevatron data up to pT ! 5mb

• At pT ! mb factorization less obvious. Depends on defi nition of convolution
variable z: pB = zpb or pBT = zpbT or p+

B = zp+
b or !pB = z!pb

• Less hadronization effects than originally believed:
ε-parameter small corresponding to a hard fragmentation function.
Harder FF→ harder pT -spectrum

• Larger αs(MZ ) → harder pT -spectrum
• Mass dependence imortant for pT ! m (peak)→ σtot

• Only the 4th or 5th Mellin-moment of the FF is relevant for large pT [M. Mangano]:
dσb/dpT (b) ! A/pT (b)n with n ! 4, . . . , 5

dσB/dpT (B) =
R

dz/z D(z) dσb/dpT (b)[pT (b) = pT (B)/z] =
A/pT (B)n ×

R

dz zn−1 D(z)
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Theoretical approaches:
Zero Mass Variable Flavor Number Scheme

(ZM-VFNS)
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ZM-VFNS/RS

Factorization formula for inclusive heavy quark (Q) production:

d�

H+X '
X

a,b,c

Z 1

0
dxa

Z 1

0
dxb

Z 1

0
dz f

A
a (xa, µF )f

B
b (xb, µF )d�̂ab!c+XD

H
c (z, µ0

F ) +O(m2
/p

2
T )

• Same factorization formula as for inclusive production of 
pions and kaons

• Quark mass neglected in kinematics and the short distance 
cross section

• Allows to compute pT spectrum for pT >> m

• Needs scale-dependent FFs of quarks and gluons into 
the observed heavy-flavored hadron (H)
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List of subprocesses in the ZM-VFNSLIST OF SUBPROCESSES: ZM-VFNS

Massless NLO calculation: [Aversa,Chiappetta,Greco,Guillet,NPB327(1989)105]
1. gg → qX
2. gg → gX
3. qg → gX
4. qg → qX
5. qq̄ → gX
6. qq̄ → qX
7. qg → q̄X
8. qg → q̄′X
9. qg → q′X
10. qq → gX
11. qq → qX
12. qq̄ → q′X
13. qq̄′ → gX
14. qq̄′ → qX
15. qq′ → gX
16. qq′ → qX

⊕ charge conjugated processes
I. Schienbein (LPSC Grenoble) D and B production in the GM-VFNS July 11–15, 2011 21 / 58
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Fragmentation functions

Approach 1: Perturbative FFs (PFFs)

DH
i (z, µ0

F ) = DQ
i (z, µ

0
F )⌦DH

Q (z)

PFF evolved with DGLAP;
short distance; 
boundary condition calculable

Non-pert., scale-independent FF
describing hadronization of heavy 
quark Q into heavy hadron H

Caccciari, Greco, 
Nason, Oleari, ...

Mellin-moments of  DQH(z) determined from e+e- data

Approach 1I: treat FFs into H in the same 
way as FFs into pions or kaons 

Binnewies, Kniehl, Kramer, ...

Non-pert. boundary conditions DiH(z,m) from fit to e+e- data;
Determine FFs directly in x-space; evolved with DGLAP
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PFF approachassessed clearly and unambiguously.
In Ref. [10] the CDF Collaboration compares its data

to a theoretical prediction obtained by convoluting the
NLO cross section for bottom quarks with a Peterson
fragmentation function. They use ε = 0.006 ± 0.002,
which is the traditional value proposed in Ref. [20]. They
claim that their data is a factor of 2.9 higher than the
QCD calculation.

The purpose of this Letter is precisely to implement
correctly the effect of heavy quark fragmentation in the
QCD calculation. Several ingredients are necessary in
order to do this:

• A calculation with resummation of large transverse
momentum logarithms at the next-to-leading level
(NLL) should be used for heavy quark production
[21], in order to correctly account for scaling viola-
tion in the fragmentation function.

• A formalism for merging the NLL resummed results
with the NLO fixed order calculation (FO) should
be used, in order to account properly for mass ef-
fects [22]. This calculation will be called FONLL
in the following.

• A NLL formalism should be used to extract the
non-perturbative fragmentation effects from e+e−

data [23–29].

We begin by pointing out that, as shown in Refs. [27,28],
the value ε = 0.006 is appropriate only when a leading-log
(LL) calculation of the spectrum is used, as is the case in
shower Monte Carlo programs. When NLL calculations
are used, smaller values of ε are needed to fit the data.
It must further be pointed out that, as noted in [30,31],
it is not the detailed knowledge of the whole spectrum
of D(z) in z ∈ [0, 1] to be relevant for the calculation of
hadronic cross sections. For the steeply falling differen-
tial distributions dσ/dpT, that have usually a power law
behaviour, the knowledge of some specific moment of the
fragmentation function

DN ≡

∫

D(z)zN dz

z
(2)

is sufficient to obtain the hadronic cross section. In fact,
assuming that dσ̂/dp̂T = Ap̂−n

T
in the neighborhood of

some p̂T value, one immediately finds

dσ

dpT

=

∫

dzdp̂T D(z)
A

p̂n
T

δ(pT − zp̂T) =
A

pn
T

Dn . (3)

Thus, the hadronic cross section is given by the product
of the partonic cross section times the nth moment of the
fragmentation function, where n is the power behaviour
of the cross section in the neighborhood of the value of pT

being considered. In Ref. [31] it is also shown that this
is an excellent approximation to the exact integral in the
cases of interest. The value of n for the pT spectrum in

the region of interest ranges from 3 to 5. It is therefore
clear that, when fitting e+e− data, getting a good deter-
mination of the moments of the non-perturbative frag-
mentation function between 3 and 5 is more important
than attempting to describe the whole z spectrum.

FIG. 1. Moments of the measured B meson fragmentation
function, compared with the perturbative NLL calculation
supplemented with different D(z) non-perturbative fragmen-
tation forms. The solid line is obtained using a one-parameter
form fitted to the second moment.

Fig. 1 shows the moments calculated from the xE (the
B meson energy fraction with respect to the beam en-
ergy) distribution data for weakly decaying B mesons
in e+e− collisions published by the ALEPH Collabora-
tion [32]. The experimental error bars shown in the plot
have been evaluated by taking into account the full bin-
to-bin correlation matrix [33]. Four curves are superim-
posed to the data. All of them have been obtained with
an underlying NLL perturbative description [23,29]. The
bottom quark mass m has been taken equal to 4.75 GeV
and the QCD scale has been fixed to Λ(5) = 0.226 GeV.
Sudakov resummation has not been included, since its
effect is negligible in the low-moment region [29]. These
are the default values of the parameters that we shall use
in this work for the computation of the hadronic cross
section.

The dot-dashed line represents the purely perturbative
part. The dashed line represents the convolution of the
perturbative part described above with a Peterson form
with ε = 0.006. It is evident that this produces a poor
description of even the lowest moments. The dotted line
is obtained using ε = 0.002, a value known to produce
good fits of the xE distribution when used together with
a NLL perturbative calculation [27,28]. The description
of the moments improves, but the line still cannot fall
within the error bars. There is thus a problem in obtain-
ing a good fit of the low moments of the fragmentation
function using the Peterson parametrization. The prob-
lem can be traced back to the need to fit points with very

2

Cacciari, Nason, PRL89(2002)122003 

assessed clearly and unambiguously.
In Ref. [10] the CDF Collaboration compares its data

to a theoretical prediction obtained by convoluting the
NLO cross section for bottom quarks with a Peterson
fragmentation function. They use ε = 0.006 ± 0.002,
which is the traditional value proposed in Ref. [20]. They
claim that their data is a factor of 2.9 higher than the
QCD calculation.

The purpose of this Letter is precisely to implement
correctly the effect of heavy quark fragmentation in the
QCD calculation. Several ingredients are necessary in
order to do this:

• A calculation with resummation of large transverse
momentum logarithms at the next-to-leading level
(NLL) should be used for heavy quark production
[21], in order to correctly account for scaling viola-
tion in the fragmentation function.

• A formalism for merging the NLL resummed results
with the NLO fixed order calculation (FO) should
be used, in order to account properly for mass ef-
fects [22]. This calculation will be called FONLL
in the following.

• A NLL formalism should be used to extract the
non-perturbative fragmentation effects from e+e−

data [23–29].

We begin by pointing out that, as shown in Refs. [27,28],
the value ε = 0.006 is appropriate only when a leading-log
(LL) calculation of the spectrum is used, as is the case in
shower Monte Carlo programs. When NLL calculations
are used, smaller values of ε are needed to fit the data.
It must further be pointed out that, as noted in [30,31],
it is not the detailed knowledge of the whole spectrum
of D(z) in z ∈ [0, 1] to be relevant for the calculation of
hadronic cross sections. For the steeply falling differen-
tial distributions dσ/dpT, that have usually a power law
behaviour, the knowledge of some specific moment of the
fragmentation function

DN ≡

∫

D(z)zN dz

z
(2)

is sufficient to obtain the hadronic cross section. In fact,
assuming that dσ̂/dp̂T = Ap̂−n

T
in the neighborhood of

some p̂T value, one immediately finds

dσ

dpT

=

∫

dzdp̂T D(z)
A

p̂n
T

δ(pT − zp̂T) =
A

pn
T

Dn . (3)

Thus, the hadronic cross section is given by the product
of the partonic cross section times the nth moment of the
fragmentation function, where n is the power behaviour
of the cross section in the neighborhood of the value of pT

being considered. In Ref. [31] it is also shown that this
is an excellent approximation to the exact integral in the
cases of interest. The value of n for the pT spectrum in

the region of interest ranges from 3 to 5. It is therefore
clear that, when fitting e+e− data, getting a good deter-
mination of the moments of the non-perturbative frag-
mentation function between 3 and 5 is more important
than attempting to describe the whole z spectrum.

FIG. 1. Moments of the measured B meson fragmentation
function, compared with the perturbative NLL calculation
supplemented with different D(z) non-perturbative fragmen-
tation forms. The solid line is obtained using a one-parameter
form fitted to the second moment.

Fig. 1 shows the moments calculated from the xE (the
B meson energy fraction with respect to the beam en-
ergy) distribution data for weakly decaying B mesons
in e+e− collisions published by the ALEPH Collabora-
tion [32]. The experimental error bars shown in the plot
have been evaluated by taking into account the full bin-
to-bin correlation matrix [33]. Four curves are superim-
posed to the data. All of them have been obtained with
an underlying NLL perturbative description [23,29]. The
bottom quark mass m has been taken equal to 4.75 GeV
and the QCD scale has been fixed to Λ(5) = 0.226 GeV.
Sudakov resummation has not been included, since its
effect is negligible in the low-moment region [29]. These
are the default values of the parameters that we shall use
in this work for the computation of the hadronic cross
section.

The dot-dashed line represents the purely perturbative
part. The dashed line represents the convolution of the
perturbative part described above with a Peterson form
with ε = 0.006. It is evident that this produces a poor
description of even the lowest moments. The dotted line
is obtained using ε = 0.002, a value known to produce
good fits of the xE distribution when used together with
a NLL perturbative calculation [27,28]. The description
of the moments improves, but the line still cannot fall
within the error bars. There is thus a problem in obtain-
ing a good fit of the low moments of the fragmentation
function using the Peterson parametrization. The prob-
lem can be traced back to the need to fit points with very

2

assessed clearly and unambiguously.
In Ref. [10] the CDF Collaboration compares its data

to a theoretical prediction obtained by convoluting the
NLO cross section for bottom quarks with a Peterson
fragmentation function. They use ε = 0.006 ± 0.002,
which is the traditional value proposed in Ref. [20]. They
claim that their data is a factor of 2.9 higher than the
QCD calculation.

The purpose of this Letter is precisely to implement
correctly the effect of heavy quark fragmentation in the
QCD calculation. Several ingredients are necessary in
order to do this:

• A calculation with resummation of large transverse
momentum logarithms at the next-to-leading level
(NLL) should be used for heavy quark production
[21], in order to correctly account for scaling viola-
tion in the fragmentation function.

• A formalism for merging the NLL resummed results
with the NLO fixed order calculation (FO) should
be used, in order to account properly for mass ef-
fects [22]. This calculation will be called FONLL
in the following.

• A NLL formalism should be used to extract the
non-perturbative fragmentation effects from e+e−

data [23–29].

We begin by pointing out that, as shown in Refs. [27,28],
the value ε = 0.006 is appropriate only when a leading-log
(LL) calculation of the spectrum is used, as is the case in
shower Monte Carlo programs. When NLL calculations
are used, smaller values of ε are needed to fit the data.
It must further be pointed out that, as noted in [30,31],
it is not the detailed knowledge of the whole spectrum
of D(z) in z ∈ [0, 1] to be relevant for the calculation of
hadronic cross sections. For the steeply falling differen-
tial distributions dσ/dpT, that have usually a power law
behaviour, the knowledge of some specific moment of the
fragmentation function

DN ≡

∫

D(z)zN dz

z
(2)

is sufficient to obtain the hadronic cross section. In fact,
assuming that dσ̂/dp̂T = Ap̂−n

T
in the neighborhood of

some p̂T value, one immediately finds

dσ

dpT

=

∫

dzdp̂T D(z)
A

p̂n
T

δ(pT − zp̂T) =
A

pn
T

Dn . (3)

Thus, the hadronic cross section is given by the product
of the partonic cross section times the nth moment of the
fragmentation function, where n is the power behaviour
of the cross section in the neighborhood of the value of pT

being considered. In Ref. [31] it is also shown that this
is an excellent approximation to the exact integral in the
cases of interest. The value of n for the pT spectrum in

the region of interest ranges from 3 to 5. It is therefore
clear that, when fitting e+e− data, getting a good deter-
mination of the moments of the non-perturbative frag-
mentation function between 3 and 5 is more important
than attempting to describe the whole z spectrum.

FIG. 1. Moments of the measured B meson fragmentation
function, compared with the perturbative NLL calculation
supplemented with different D(z) non-perturbative fragmen-
tation forms. The solid line is obtained using a one-parameter
form fitted to the second moment.

Fig. 1 shows the moments calculated from the xE (the
B meson energy fraction with respect to the beam en-
ergy) distribution data for weakly decaying B mesons
in e+e− collisions published by the ALEPH Collabora-
tion [32]. The experimental error bars shown in the plot
have been evaluated by taking into account the full bin-
to-bin correlation matrix [33]. Four curves are superim-
posed to the data. All of them have been obtained with
an underlying NLL perturbative description [23,29]. The
bottom quark mass m has been taken equal to 4.75 GeV
and the QCD scale has been fixed to Λ(5) = 0.226 GeV.
Sudakov resummation has not been included, since its
effect is negligible in the low-moment region [29]. These
are the default values of the parameters that we shall use
in this work for the computation of the hadronic cross
section.

The dot-dashed line represents the purely perturbative
part. The dashed line represents the convolution of the
perturbative part described above with a Peterson form
with ε = 0.006. It is evident that this produces a poor
description of even the lowest moments. The dotted line
is obtained using ε = 0.002, a value known to produce
good fits of the xE distribution when used together with
a NLL perturbative calculation [27,28]. The description
of the moments improves, but the line still cannot fall
within the error bars. There is thus a problem in obtain-
ing a good fit of the low moments of the fragmentation
function using the Peterson parametrization. The prob-
lem can be traced back to the need to fit points with very
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n~3,4,5

Determine FF from N=2 moment in PFF approach; 
not from entire x-spectrum
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FFs into B mesons [1] from LEP/SLC data [2]FFS INTO B MESONS [1] FROM LEP1/SLC DATA [2]

Petersen Kartvelishvili-Likhoded

D(x , µ2
0) = N x(1− x)2

[(1− x)2 + εx]2
D(x , µ2

0) = Nxα(1− x)β
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[1] Kniehl,Kramer,IS,Spiesberger,PRD77(2008)014011
[2] ALEPH, PLB512(2001)30; OPAL, EPJC29(2003)463; SLD, PRL84(2000)4300;
PRD65(2002)092006
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Theoretical approaches:
General Mass Variable Flavor Number Scheme

(GM-VFNS)
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GM-VFNSS-ACOT: OUR THEORETICAL BASIS FOR pp̄ → D!X

Factorization Formula: [1]

dσ(pp̄ → D!X) =
X

i,j,k

Z

dx1 dx2 dz f pi (x1) f p̄j (x2) ×

dσ̂(ij → kX) DD!

k (z) + O(αn+1
s , ( Λ

Q )p)

Q: hard scale, p = 1, 2

• dσ̂(µF , µ′
F , αs(µR), mh

pT
): hard scattering cross sections

free of long-distance physics→ mh kept
• PDFs f pi (x1, µF ), f p̄j (x2, µF ): i , j = g, q, c [q = u, d , s]

• FFs DD!

k (z, µ′
F ): k = g, q, c

⇒ need short distance coefficients including heavy quark masses

[1] J. Collins, ’Hard-scattering factorization with heavy quarks: A general treatment’,
PRD58(1998)094002
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List of subprocesses in the GM-VFNSLIST OF SUBPROCESSES: GM-VFNS

Only light lines
1 gg → qX
2 gg → gX
3 qg → gX
4 qg → qX
5 qq̄ → gX
6 qq̄ → qX
7 qg → q̄X
8 qg → q̄′X
9 qg → q′X
10 qq → gX
11 qq → qX
12 qq̄ → q′X
13 qq̄′ → gX
14 qq̄′ → qX
15 qq′ → gX
16 qq′ → qX

Heavy quark initiated (mQ = 0)
1 -
2 -
3 Qg → gX
4 Qg → QX
5 QQ̄ → gX
6 QQ̄ → QX
7 Qg → Q̄X
8 Qg → q̄X
9 Qg → qX
10 QQ → gX
11 QQ → QX
12 QQ̄ → qX
13 Qq̄ → gX , qQ̄ → gX
14 Qq̄ → QX , qQ̄ → qX
15 Qq → gX , qQ → gX
16 Qq → QX , qQ → qX

Mass effects: mQ "= 0
1 gg → QX
2 -
3 -
4 -
5 -
6 -
7 -
8 qg → Q̄X
9 qg → QX
10 -
11 -
12 qq̄ → QX
13 -
14 -
15 -
16 -

⊕ charge conjugated processes

[1] Aversa, Chiappetta, Greco, Guillet, NPB327(1989)105
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Sec. II, both implemented at NLO with Λ(5)

MS
= 227 MeV and m = 4.5 GeV. For simplicity, we

use a common factorization scale for the initial and final states. We set the renormalization

and factorization scales to µR = ξRmT and µF = ξFmT , where mT =
√

p2
T + m2 is the

transverse mass of the b quark and ξR and ξF are introduced to estimate the theoretical

uncertainty. Unless otherwise stated, we use the default values ξR = ξF = 1. With our

default choices µ0 = m and µF = mT , we have µF → µ0 as pT → 0. In this limit, the FFs

and b-quark PDF should fade out and quench the cross section, leading to a turn-over of the

pT distribution. However, the precise location of the maximum and other details of the line

shape are also subject to other implementation issues of the GM-VFNS. We shall return to

this topic in Sec. IV.

The calculation of the cross section d2σ/(dpTdy) of B-meson hadroproduction at NLO

in the GM-VFNS proceeds analogously to the case of D mesons outlined in Ref. [13]. Now,

m denotes the mass of the b quark, and the c quark belongs to the group of light quarks q,

b

b B

g

g

(a)

g

b B

b

g

(b)

q

q

B

g

g

(c)

FIG. 2: Examples of Feynman diagrams leading to contributions of (a) class (i), (b) class (ii), and

(c) class (iii).
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arXiv:0705.4392
Reaches 50% at Tevatron at 

small pT; decreases only 
mildly towards larger pT

Example diagrams
m ≠ 0 m = 0 (S-ACOT)
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• GM-VFNS → ZM-VFNS for pT >> m
(this is the case by construction)

• GM-VFNS → FFNS for pT ~ m
(formally this can be shown; numerically 
problematic in the S-ACOT scheme)

Limiting cases
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reaches approximately 50% at small values of pT , and its relative contribution decreases only

rather mildly towards larger values of pT .

We first investigate the effect of the finite-m terms in the hard-scattering cross sections

FIG. 3: Transverse-momentum distribution dσ/dpT of pp̄ → B +X at c.m. energy
√

S = 1.96 TeV

integrated over the rapidity range |y| < 1. The contributions of class (i) evaluated at LO in the

ZM-VFNS (dashed line) and the GM-VFNS (solid line), but with the NLO versions of αs, the

PDFs, and the FFs, are compared.
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LO: m=0 case diverges at pT=0

The GM-VFNS at low pT

Problem: current implementation in S-ACOT scheme
b+g channel with m=0 diverges at small pT!
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show that NLO corrections in the zero-mass part of the GM-VFNS are essential at high
pT . Therefore we do not follow this option either.

Instead, we can try to exploit the freedom o↵ered by the presence of the renormalization
and factorization scales, parameters which are present anyway. Their value is not deter-
mined by theory, but a choice has to be made, based on some reasonable, but ad-hoc
physical argument. In fact, a judicious choice of scales can lead to a suppression of the
potentially dangerous contributions from initial-state b quarks. This possibility is based
on the fact that all common available PDF fits assume that the heavy-quark PDF is zero
below a starting scale, usually chosen at µ = mb, i.e. equal to the heavy-quark mass.
The same is true for the FFs: the FF for the b ! B transition vanishes below µF = mb.
Therefore, with µI,F = ⇠I,FmT , a value of the scale parameters ⇠I,F smaller than 1, will

return a zero heavy-quark PDF (a zero b-FF) for pT < mb

q
1� ⇠2I,F/⇠I,F .

We show corresponding results in Fig. 5 (left). Indeed, values for ⇠I,F of about 1/2 lead
to the required suppression of b-quark initiated contributions. In this figure, we compare
GM-VFNS predictions with CDF data for the choice ⇠R = 1 and ⇠I = ⇠F = 0.4, 0.5 and
0.6. In all cases there is a turn-over near pT = 2.5 GeV and the agreement with the CDF
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–
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3S = 1.96 TeV
-1.0 )  y ) 1.0

Tevatron Data

default scale = 3(pT
2+mb

2)
µI and µF frozen below µ=mb

pT (GeV)
1

10

10 2

10 3

10 4

0 2.5 5 7.5 10 12.5 15 17.5 20 22.5 25

dm/dpT (nb/GeV)
p p

–
 A B+ X

GM-VFNS
3S = 1.96 TeV
-1.0 )  y ) 1.0

Tevatron Data

default scale = 3(pT
2+mb

2)
µI and µF frozen below µ=mb

pT (GeV)
1

10

10 2

10 3

10 4

0 2.5 5 7.5 10 12.5 15 17.5 20 22.5 25

Figure 5: d�/dpT for pp̄ ! B+ + X at
p
S = 1.96 TeV, |y| < 1.0, in the GM-VFNS

(data from CDF [6]). Left panel: ⇠R = 1, ⇠I = 0.5 and ⇠F = 0.5 (full curve), ⇠F = 0.6
(upper dashed curve), ⇠F = 0.4 (lower dashed curve). Right panel: ⇠i = (1, 0.5, 0.5) for
the central curve; upper curve: ⇠R = 0.5, lower curve: ⇠R = 2.
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The GM-VFNS at low pT

arXiv:1502.01001Problem can be solved by suitable scale choice
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d�/dpT (nb/GeV)
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FFNS
�S = 7.0 TeV

2.0 �  y � 4.5

LHCb Data

default scale = �(pT
2+mb

2)
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p p A (B++B-) X

GM-VFNS
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2.0 )  y ) 4.5

LHCb Data

default scale = 3(pT
2+mb

2)
µI and µF frozen below µ=mb

pT (GeV)

10 3

10 4

10 5

0 2 4 6 8 10 12

Figure 6: d�/dpT for pp ! B+ + B� +X at
p
S = 7 TeV with 2.0 < y < 4.5, compared

with results from the FFNS (left) and the GM-VFNS (right). ⇠R,I,F = (1, 0.5, 0.5). The
error band is obtained from variations by factors 2 up and down (maximum: ⇠R = 0.5,
minimum: ⇠R = 2). The factorization scale parameters are frozen below µI,F = mb. Data
points are taken from [15].

Finally, we compare results obtained at NLO in the GM-VFNS with data measured by the
ATLAS collaboration for the production of B+ mesons in Fig. 9. These data extend into
the very large pT range where we expect that the GM-VFNS is the appropriate scheme.
Indeed, the agreement of our calculation with data is good. Only in the lowest pT bin
(9� 13 GeV) and for central rapidities, the data are slightly over-estimated. Since these
are data for large pT , the adjustment of scales to match to the FFNS as described above
is not an issue here.

3 Conclusions

Any prediction from perturbative QCD for hadron collisions requires the factorization
of initial- and final-state singularities. This unavoidably introduces factorization scale
parameters which can not be predicted from theory. Their choice must be based on
physical arguments. We have exploited the freedom in this choice to find a prescription
which extends the reliability of predictions from the general-mass variable-flavor-number

11

The GM-VFNS at low pT

Comparison with LHCb data arXiv:1502.01001
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Figure 9: pp ! B+ + X at
p
S = 7 TeV in the GM-VFNS compared with data from

ATLAS [13]. µI,F are frozen below mb and ⇠i = (1, 1, 1).
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GM-VFNS: Comparison with ATLAS data 

arXiv:1502.01001

Sunday, March 15, 15



GM-VFNS 

• FFs in x-space in the BKK approach 

• Heavy-quark initiated contributions (Q+g → Q+X, ...) 
get very large at small pT in the massless case:

(i) switch off heavy-quark PDF sufficiently quickly
OR
(ii) calculate these subprocesses with mass 

• Error bands: μR , μF , μF’ varied independently 

• Predictions for D and B prod. at Tevatron, RHIC, LHC:
arXiv:1502.01001, 1202.0439, 1109.2472, 0901.4130, 0705.4392, 
hep-ph/0508129, ph/0502194, ph/0410289

• Predictions including D-decay and B-decay:
arXiv: 1310.2924, 1212.4356
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Theoretical approaches:
Fixed Order plus Next-to-Leading Logarithms

(FONLL)
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FONLL=FO+NLL [1]  FONLL = FO+NLL [1]

FONLL = FO+ (RS− FOM0)G(m, pT)

FO: Fixed Order; FOM0: Massless limit of FO; RS: Resummed

G(m, pT ) =
p2T

p2T+25m2 "

8

>

>

>

>

>

<

>

>

>

>

>

:

0.04 : pT = m
0.25 : pT = 3m
0.50 : pT = 5m
0.66 : pT = 7m
0.80 : pT = 10m

⇒ FONLL =

(

FO : pT ! 3m
RS : pT " 10m

[1] Cacciari, Greco, Nason, JHEP05(1998)007
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FONLL 

• FFs in N-space in the PFF approach 

• RS-FOM0 gets very large at small pT:

G(m,pT) = pT2/(pT2 + a2 m2) with a=5 

needed to suppress this contribution sufficiently rapidly

• Central scale choice for FO, RS, FOM0: mT

• Error bands: μF = μF’ (only two scales varied)

• Predictions for LHC7 in arXiv:1205.6344
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Termes in the perturbation series
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Termes in the perturbation series

LL NLL NNLL ...

LO

NLO

NNLO

...

1

aL a

(aL)2 a(aL) a2

... ... ... ...

Fixed Order→

ResummedL = ln (m/pT)
a = αs/(2 π)
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FFNS/Fixed Order NLO

LL NLL NNLL ...

LO

NLO

NNLO

...

1

aL a

(aL)2 a(aL) a2

... ... ... ...

Fixed Order→

Resummed

m≠0

m≠0
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ZM-VFNS/Resummed NLO

LL NLL NNLL ...

LO

NLO

NNLO

...

1

aL a

(aL)2 a(aL) a2

... ... ... ...

Fixed Order→

Resummed

m=0 m=0
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GM-VFNS/FONLL (NLO+NLL)

LL NLL NNLL ...

LO

NLO

NNLO

...

1

aL a

(aL)2 a(aL) a2

... ... ... ...

Fixed Order→

Resummed

m≠0

m≠0 m≠0

m=0 m=0

m=0 m=0
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NLO Monte Carlo generators:
MC@NLO and POWHEG
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NLO MC generators 

• MC@NLO, POWHEG: hep-ph/0305252, arXiv:0707.3088
consistent matching of NLO matrix elements with parton 
showers (PS)

• Flexible simulation of hadronic final state 
(PS, hadronization, detector effects)

Note: FONLL and GM-VFNS only one-particle inclusive 
observables

• High accuracy: NLO+LL*
(FONLL and GM-VFNS have NLO+NLL accuracy)

• Simulation of hadronic final state involves tuning;
NOT a pure theory prediction!
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Figure 1. Transverse-momentum distributions of D0 (top), D+ (centre) and D∗+ (bottom) mesons
centrally produced at the LHC with

√
s = 2.76 TeV and compared to ALICE data [9].
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Comparison with ALICE data 
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Figure 3. Transverse-momentum distributions of D0 (top), D+ (centre) and D∗+ (bottom) mesons
centrally produced at the LHC with

√
s = 7 TeV and compared to ALICE data [10].
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Figure 4. Transverse-momentum distributions of D+
s mesons centrally produced at the LHC with√

s = 7 TeV and compared to ALICE data [11].

divided into five equidistant rapidity bins and successfully compared there, but we refrain

here from showing the corresponding figures and POWHEG predictions as they do not add

significant information.

At central rapidities (|y| < 0.5), ALICE has furthermore measured heavy-flavour de-

cay into electrons without flavour separation [23]. The main backgrounds here stem from

pseudoscalar, light and heavy vector meson decays, which have been subtracted, together

with real and virtual photon conversions, using a Monte Carlo “cocktail” calculation [23].

A comparison with FONLL predictions is included in the experimental publication, while a

comparison with GM-VFNS predictions can be found in Fig. 3 in the Erratum of Ref. [39].

The measurement was subsequently repeated including flavour separation, where decays

of beauty hadrons were identified through a secondary vertex, displaced from the primary

collision vertex [24]. For this data set, comparisons with FONLL have been made in the ex-

perimental publication and with GM-VFNS in Ref. [39], but only for the decays of bottom

hadrons. As one can see in Fig. 6 (bottom), the theoretical uncertainty for the latter is very

large at small pT , whereas it is much smaller for charm decays, as can also be seen in Fig.

6 (top) and as it should be for smaller quark masses. For beauty decays, the POWHEG

prediction and its theoretical uncertainty coincide almost exactly with the FONLL predic-

– 13 –
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Figure 5. Transverse-momentum distributions of muons from heavy-flavour (charm and bottom
quark) decay produced in the forward region at the LHC with

√
s = 7 TeV and compared to ALICE

data [25].

tions over the entire pT range, the PDF uncertainty being again subdominant in this central

kinematic regime. For charm decays, only the central POWHEG prediction and its upper

uncertainty band limit coincide with FONLL, the lower edge being somewhat lower. In this

case, the PDF uncertainty becomes visible and comparable to, albeit still smaller than the

scale error at larger pT . The excellent agreement among FONLL and POWHEG is indeed

quite remarkable and much better for inclusive leptons than for inclusive mesons, which

obviously depend much more on the fragmentation model than the decay leptons.

3.3 pp collisions at
√
s = 5.02 TeV

Finally, we turn to pp collisions at a centre-of-mass energy of
√
s = 5.02 TeV, relevant also

for pPb collisions, where no reference calculations are published yet. In Fig. 7 we show

new predictions for centrally produced electrons from heavy-flavour decays with POWHEG

– 14 –
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Figure 6. Transverse-momentum distributions of electrons from charm (top) and bottom (bottom)
quark decay centrally produced at the LHC with

√
s = 7 TeV and compared to ALICE data [24].

and GM-VFNS in the kinematic regime that is currently under analysis by the ALICE

collaboration, i.e. for transverse momenta from 1 GeV to 8 GeV. As before, the general

trend of good agreement within scale uncertainty bands, subdominant PDF uncertainties

and a tendency of GM-VFNS to lie above POWHEG, in particular at low pT , continues

here. As before, the GM-VFNS scale uncertainty at low pT is larger for beauty than for

charm hadrons due to the larger bottom quark mass. It will be interesting to learn if the

ALICE data in pPb also agree with both theoretical predictions as was the case for pp

reactions at higher and lower energies.

4 Conclusions

In this paper, motivated by the importance of a solid theoretical understanding of the pp

baseline for future analyses of heavy-ion collision data, we have presented an extensive

– 15 –
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√
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and GM-VFNS in the kinematic regime that is currently under analysis by the ALICE

collaboration, i.e. for transverse momenta from 1 GeV to 8 GeV. As before, the general

trend of good agreement within scale uncertainty bands, subdominant PDF uncertainties

and a tendency of GM-VFNS to lie above POWHEG, in particular at low pT , continues

here. As before, the GM-VFNS scale uncertainty at low pT is larger for beauty than for

charm hadrons due to the larger bottom quark mass. It will be interesting to learn if the

ALICE data in pPb also agree with both theoretical predictions as was the case for pp

reactions at higher and lower energies.

4 Conclusions

In this paper, motivated by the importance of a solid theoretical understanding of the pp

baseline for future analyses of heavy-ion collision data, we have presented an extensive
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Theoretical approaches:
kT factorization

Sunday, March 15, 15



kT factorizationD and B meson production at the LHCin the Regge limit of quantum chromodynamics.

Factorization of the cross-section.

Factorization:

P1

P2

x1; t1

x2; t2

Factorization formula:

dσ =

∫

d2qT1

π

∫

dx1

x1
Φ(x1, t1, µF )×

×
∫

d2qT2

π

∫

dx2

x2
Φ(x2, t2, µF )dσ̂PRA

Where Φ - Unintegrated PDFs.

Partonic cross-section:

dσ̂PRA =
(2π)4

2x1x2S
|M|2PRAδ(4)(P[i] − P[f ]) ×

×
∏

j=[f ]

d3pj

(2π)32p0j
,

Normalization of the unPDF:

µ2
∫

dtΦ(x, t, µ2) = xf(x, µ2),

where f(x, µ2) - collinear PDF, implies, that the
collinear limit holds for the amplitude:

∫

dφ1dφ2

(2π)2
lim

t1,2→0
|M|2PRA = |M|2CPM

5 / 22

kT factorization: Gribov et al. ’83; Collins et al. ’91; Catani et al. ’91
Central production, small x~0.01 ... 0.001

Application to D and B meson production in Parton Reggeization Approach (RPA): 
Karpishkov, Nefedov, Saleev, Shipilova, ...
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Theoretical approaches:
Double parton scattering
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General framework D meson production DPS production of cc̄cc̄ SPS production of cc̄cc̄

Production of two cc̄ pairs in double-parton scattering

Consider two hard (parton) scatterings

c

c

p

p

c

c

Not consider so far in the literature

Luszczak, Maciula, Szczurek, arXiv:1111.3255
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An overview of theoretical and experimental progress in double parton scattering (DPS) is pre-
sented. The theoretical topics cover factorization in DPS, models for double parton distributions
and DPS in charm production and nuclear collisions. On the experimental side, CMS results for
dijet and double J/ production, in light of DPS, as well as first results for the 4-jet channel are
presented. ALICE reports on a study of open charm and J/ multiplicity dependence.

I. PROGRESS IN THE THEORY OF
DOUBLE PARTON SCATTERING

A. Introduction

Theoretical predictions for double parton scattering
(DPS) require a factorization theorem for the cross sec-
tion, in order to separate the two short-distance collisions
from the long-range physics of the incoming protons. The
partonic cross section of the hard scatterings is perturba-
tively calculable. The momenta of the quarks and gluons
inside the proton are described by non-perturbative (dou-
ble) parton distribution functions (PDFs), which must be
modeled or extracted from data.
If the two hard scatterings are independent and the

two incoming partons in each proton are completely in-
dependent, the DPS cross section simplifies to

�DPS =
�1�2

S�e↵
, (1)

with �1 and �2 the standard cross sections of the individ-
ual scatterings and S a symmetry factor. This leaves a
single nonperturbative parameter �e↵, which only a↵ects
the total DPS rate. For certain applications this approx-
imation is su�cient, but one would also like to know the

limitations and proper generalization of Eq. (1). This
is reflected in the variety of topics discussed within the
DPS track at this workshop:

• Progress in factorization for DPS

• Double parton correlations in proton models

• DPS in charm cross sections

• DPS in nuclear collisions

B. Progress in Factorization

A factorization analysis of DPS [1–3] reveals a large
number of e↵ects that are not included in the “pocket
formula” in Eq. (1):

• Correlations between the two momentum fractions,
the transverse separation of partons and/or flavor

• Spin correlations between the partons

• Color correlations between the partons

• Interferences in fermion number

• Interferences in flavor
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Factorization of double parton scattering?

arXiv:1410.6664
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General framework D meson production DPS production of cc̄cc̄ SPS production of cc̄cc̄

Formalism

dσDPS =
1

2σeff

Fgg(x1, x2, µ2
1 , µ2

2)Fgg(x
′
1x′2, µ2

1 , µ2
2)

dσgg→cc̄(x1, x′1, µ2
1)dσgg→cc̄(x2, x′2, µ2

2) dx1dx2dx′1dx′2 .

Fgg(x1, x2, µ2
1
, µ2

2
), Fgg(x′1x′

2
, µ2

1
, µ2

2
)

are called double parton distributions

dPDF are subjected to special evoultion equations

single scale evolution: Snigireev

double scale evolution: Ceccopieri, Gaunt-Stirling
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General framework D meson production DPS production of cc̄cc̄ SPS production of cc̄cc̄

Formalism

Consider reaction: pp → cc̄cc̄X

Modeling double-parton scattering

Factorized form:

σDPS(pp → cc̄cc̄X) =
1

2σeff

σSPS(pp → cc̄X1) · σSPS(pp → cc̄X2).

The simple formula can be generalized to include differential

distributions

dσ

dy1dy2d2p1tdy3dy4d2p2t

=

1

2σeff

·
dσ

dy1dy2d2p1t

·
dσ

dy3dy4d2p2t

.

σeff is a model parameter (12-15 mb)

If two hard scatterings are 
completely independent!

(very rough!)
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Theoretical approaches:
diffractive production
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Diffractive production 

a) b)
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FIG. 1: The mechanisms of single-diffractive production of heavy quarks.
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FIG. 2: The mechanisms of central-diffractive production of heavy quarks.

that the pomeron has a well defined partonic structure, and that the hard process takes place
in a pomeron–proton or proton–pomeron (single diffraction) or pomeron–pomeron (central
diffraction) processes. In this approach corresponding differential cross sections can be
written as

dσSD(1)

dy1dy2dp2t
=

1

16π2ŝ2
×

[

|Mgg→QQ̄|2 · x1g
D(x1, µ

2)x2g(x2, µ
2)

+ |Mqq̄→QQ̄|2 ·
(

x1q
D(x1, µ

2)x2q̄(x2, µ
2) + x1q̄

D(x1, µ
2)x2q(x2, µ

2)
)]

, (2.1)

dσSD(2)

dy1dy2dp2t
=

1

16π2ŝ2
×

[

|Mgg→QQ̄|2 · x1g(x1, µ
2)x2g

D(x2, µ
2)

+ |Mqq̄→QQ̄|2 ·
(

x1q(x1, µ
2)x2q̄

D(x2, µ
2) + x1q̄(x1, µ

2)x2q
D(x2, µ

2)
)]

, (2.2)

dσCD

dy1dy2dp2t
=

1

16π2ŝ2
×

[

|Mgg→QQ̄|2 · x1g
D(x1, µ

2)x2g
D(x2, µ

2) (2.3)

+ |Mqq̄→QQ̄|2 ·
(

x1q
D(x1, µ

2)x2q̄
D(x2, µ

2) + x1q̄
D(x1, µ

2) x2q
D(x2, µ

2)
) ]

,

for single-diffractive (SD) and central-diffractive (CD) production, respectively.
The diffractive distribution function (diffractive PDF) can be obtained by a convolution

of the flux of pomerons fIP(xIP) in the proton and the parton distribution in the pomeron,
e.g. gIP(β, µ2) for gluons:

gD(x, µ2) =

∫

dxIPdβ δ(x− xIPβ)gIP(β, µ
2) fIP(xIP) =

∫ 1

x

dxIP

xIP

fIP(xIP)gIP(
x

xIP

, µ2) .

(2.4)

3

Szczurek et al., arXiv:1412.3132
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IV. SUMMARY
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Summary 

• Discussed different theoretical approaches 
to open heavy flavor hadroproduction

• GM-VFNS, FONLL, POWHEG in good 
agreement with data within large 
uncertainties!

• pA data for B meson production useful for 
constraining nuclear gluon PDF

• GM-VFNS at low pT improved; more work 
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