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Quantum Chromodynamics (QCD)
QUANTUM CHROMODYNAMICS (QCD)

QCD: A QFT for the strong interactions

• Statement: Hadronic matter is made of spin-1/2 quarks [↔ SU(3)fl]
• Baryons like ∆++ = |u↑u↑u↑

¸

forbidden by Pauli exclusion/Fermi-Dirac stat.
Need additional colour degree of freedom!

• Local SU(3)-color gauge symmetry:

LQCD =
X

q=u,d,s,c,b,t
q̄(i∂/ −mq)q − gq̄G/q − 1

4G
a
µνGµν

a + Lgf + Lghost

• Fundamental d.o.f.: quark and gluon fields
• Free parameters:

• gauge coupling: g
• quark masses: mu,md ,ms,mc ,mb,mt

I. Schienbein (LPSC Grenoble) Masses in pQCD Oct. 27, 2011 4 / 74Thursday, February 19, 15



Quantum Chromodynamics (QCD)QCD

Properties:
• Confinement and Hadronization:

• Free quarks and gluons have not been observed:
A) They are confined in color-neutral hadrons of size ∼ 1 fm.
B) They hadronize into the observed hadrons.

• Hadronic energy scale: a few hundred MeV [1 fm↔ 200 MeV]
• Strong coupling large at long distances (! 1 fm): ’IR-slavery’
• Hadrons and hadron masses enter the game

• Asymptotic freedom:
• Strong couling small at short distances: perturbation theory
• Quarks and gluons behave as free particles at asymptotically large
energies
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Asymptotic FreedomASYMPTOTIC FREEDOM

Renormalization of UV-divergences:
Running coupling constant as := αs/(4π)

as(µ) =
1

β0 ln(µ2/Λ2)

NLO, MSbar

upper: αs(MZ)=0.121
αs(MZ)=0.1187
lower: αs(MZ)=0.1165

αs(MZ)=0.118

µ (GeV)

αs(µ)

0.1

0.15

0.2

0.25

0.3

0.35

0.4

1 10 102

• Gross, Wilczek (’73); Politzer (’73)

Non-abelian gauge theories:
negative beta-functions

das
d lnµ2

= −β0a2s + . . .

where β0 = 11
3 CA − 2

3nf

⇒ asympt. freedom: as ↘ for µ ↗

• Nobel Prize 2004
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Running strong coupling constant
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Perturbative QCD (pQCD)

Asympt. freedom pQCD possible if all scales hard

Factorisation

Possible to separate hard and
soft scales
soft part : universal
hard part : perturbative

1 GeV


200 MeV hard scalesoft scale

1 fm 0.2 fm short distancelong distance

perturbativenon-pert.

Perturbative QCD (pQCD)
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THE PQCD FORMALISM

QCD factorization theorems:

dσ = PDF⊗ dσ̂ + remainder

• PDF:
• Proton composed of partons = quarks, gluons
• Structure of proton described by parton distribution functions (PDF)
• Factorization theorems provide field theoretic definition of PDFs
• PDFs universal→ PREDICTIVE POWER

• Hard part dσ̂:
• depends on the process
• calculable order by order in perturbation theory
• Factorization theorems prescribe how to calculate dσ̂:
“dσ̂ = partonic cross section - mass factorization”

• Statement about error: remainder suppressed by hard scale

Original factorization proofs considered massless partons
I. Schienbein (LPSC Grenoble) Masses in pQCD Oct. 27, 2011 8 / 74
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The pQCD formalism is essential for 
the physics program at the LHC!
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• World records: Largest collider, highest energy, ...

• Main experiments: ATLAS, CMS, ALICE, LHCb

• p-p, p-Pb, Pb-Pb collisions

The Large Hadron Collider
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Heavy quarks
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Heavy quarks

long-awaited Higgs boson of the Standard Model (SM) [3]. This discovery implies that the Landau

pole in the Higgs self-interaction is well above the quantum gravity scale MP l ' 1019 GeV (see, e.g.

Ref. [4]). Moreover, within the SM, the vacuum is stable, or metastable with a lifetime exceeding that

of the Universe by many orders of magnitude [5]. Without the addition of any further new particles,

the SM is therefore an entirely self-consistent, weakly-coupled, e↵ective field theory all the way up to

the Planck scale (see Refs. [5, 6] for a recent discussion).

Nevertheless, it is clear that the SM is incomplete. Besides a number of fine-tuning problems (such as

the hierarchy and strong CP problems), the SM is in conflict with the observations of non-zero neutrino

masses, the excess of matter over antimatter in the Universe, and the presence of non-baryonic dark

matter.

The most economical theory that can account simultaneously for neutrino masses and oscillations,

baryogenesis, and dark matter, is the neutrino minimal Standard Model (⌫MSM) [7,8]. It predicts the

existence of three Heavy Neutral Leptons (HNL) and provides a guideline for the required experimental

sensitivity [9]. The search for these HNLs is the focus of the present proposal.

In addition to HNLs, the experiment will be sensitive to many other types of physics models that

produce weakly interacting exotic particles with a subsequent decay inside the detector volume, see

e.g. Refs. [10–15]. Longer lifetimes and smaller couplings would be accessible compared to analogous

searches performed previously by the CHARM experiment [16].

In the remainder of this document the theoretical motivation for HNL searches is presented in

Section 2 and the limits from previous experimental searches are then detailed in Section 3. The

proposed experimental set-up is presented in Section 4 and in Section 5 the background sources are

discussed, before the expected sensitivity is calculated in Section 6. The conclusions are presented in

Section 7.

2 Theoretical motivation

In type-I seesaw models (for a review see Ref. [17]) the extension of the SM fermion sector by three

right-handed (Majorana) leptons, NI , where I = (1, 2, 3), makes the leptonic sector similar to the

quark sector (see Fig. 1). Irrespective of their masses, these neutral leptons can explain the flavour

oscillations of the active neutrinos. Four di↵erent domains of HNL mass, MN , are usually considered:
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Figure 1: Particle content of the SM and its minimal extension in the neutrino sector. In the (left) SM the
right-handed partners of neutrinos are absent. In the (right) ⌫MSM all fermions have both left- and right-handed
components and masses below the Fermi scale.

2

Particle content 
of the SM

• Light quarks: mu~2 MeV, md~5 MeV, ms~100 MeV

• ΛQCD~200 MeV

• Heavy quarks: mc~1.3 GeV, mb~4.5 GeV, mt~175 GeV

Mass scales in QCD
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Heavy quarks

�(t ! W+b) ' 1.5 GeV

⌧ ' 4.36⇥ 10�25 s

�(t ! W+b) =
GF

8⇡
p
2
m3

t |Vtb|2(1�m2
W /m2

t )
2(1 + 2m2

W /m2
t )

• The top quark is special: it decays before it could hadronize!

• The charm quark hadronizes into D, D*, Lambdac, ...

• The bottom quark hadronizes into B mesons, etc
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Heavy quarks in pQCDHEAVY QUARKS IN PQCD

Heavy Quarks: h = c,b, t
• mu,md ,ms ! ΛQCD ! mc,mb,mt

• mh " ΛQCD ⇒ αs(m2
h) ∝ ln−1(

m2
h

Λ2QCD
) ! 1 (asymptotic freedom)

• mh sets hard scale; acts as long distance cut-off→ pQCD

How to incorporate heavy quark masses into the pQCD formalism?

Requirements:
(1) µ ! m: Decoupling of heavy degrees of freedom
(2) µ " m: IR-safety
(3) µ ∼ m: Correct threshold behavior

I. Schienbein (LPSC Grenoble) Masses in pQCD Oct. 27, 2011 10 / 74
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Heavy flavor schemesHEAVY FLAVOR SCHEMES

Requirements:
(1) µ ! m: Decoupling of heavy degrees of freedom
(2) µ " m: IR-safety
(3) µ ∼ m: Correct threshold behavior

Problem:
• Multiple hard scales: mc ,mb,mt , µ

• Mass-independent factorization/renormalization schemes likeMS
• A singleMS scheme cannot meet requirements (1) and (3) (is unphysical).

Way out: Patchwork of MS schemes Snf ,nR

• Variable Flavor-Number Scheme (VFNS): S3,3 → S4,4 → S5,5

• Fixed Flavor-Number Scheme (FFNS): S3,3 → S3,4 → S3,5 (3-FFNS)
• Masses reintroduced by backdoor: threshold corrections (=matching
conditions)

I. Schienbein (LPSC Grenoble) Masses in pQCD Oct. 27, 2011 12 / 74
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• Effective theory with NF active partons (NF=NR)

• RGE’s for PDFs (DGLAP) and αs  (for μR = μF= μ)

• Flavor thresholds: matching scales 
µ(4)
M ' mc, µ

(5)
M ' mb, µ

(6)
M ' mt

S(NF )

@

@ lnµ2
fi(x, µ

2
, NF ) = Pij(x, µ

2
, NF )⌦ fj(x, µ

2
, NF )

das(µ2, NF )

d lnµ2
= �(as, NF )

Variable Flavor Number Scheme
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• Flavor thresholds: matching conditions at μ = μM

fi(x, µ
2
, NF + 1) = A

ij ⌦ fj(x, µ
2
, NF )

↵s(µ
2, NF + 1) = ↵s(µ

2, NF )

"
1 +

1X

k=1

kX

l=0

ckl[↵s(µ
2, NF )]

k lnl
✓
µ2

m2

◆#

Matching conditions for PDFs

fi(x, µ,NF + 1) = Aij ⌦ fj(x, µ,NF)

where Aij can be computed perturbatively as (hep-ph/9601302, hep-ph/9612398)

Aij = �ij +
↵s

2⇡

 

aij
1 + Pij

0 ln
"

µ2

m2

#!

+
✓↵s

2⇡

◆2 ✓

aij
2 +

n

Pij
1 + Pij

0 ⌦ aij
1 � �0aij

1

o

ln
"

µ2

m2

#

+
1
2

n

Pij
0 ⌦ Pij

0 � �0Pij
0

o

ln2
"

µ2

m2

#

◆

+ ...

A. Kusina (SMU) 25 April 2013 23 / 19

(hep-ph/9601302, 9612398)

(hep-ph/9706430)

cMS
10 = 0, cMS

20 6= 0

↵S across flavor thresholds

↵s(µ2,NF+1) = ↵s(µ2,NF)

2

6

6

6

6

6

6

4

1 +
1
X

k=1

k
X

`=0

ck`
h

↵s(µ2,NF)
ik

lnl
0

B

B

B

B

@

µ2
R

m2

1

C

C

C

C

A

3

7

7

7

7

7

7

5

where c10 = 0 and c20 = �11/72⇡2

Using µ = m and restricting to O
⇣

↵3
s

⌘

terms

↵s(m2,NF + 1) = ↵s(m2,NF) + c20↵
3
s (m2,NF)

A. Kusina (SMU) 25 April 2013 25 / 19
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• Transition scales: change of scheme for observables

O(NF ) ! O(NF + 1) at µ
(NF+1)
T

• Standard VFNS: μM = m, μT=m

• user has to change the scheme at the heavy quark mass

• Hybrid VFNS (H-VFNS): μM = m, μT>m 

• μT can depend on kinematic variables, e.g., μT = μT(x,Q) in DIS

• requires knowledge of  PDFs fi(x,muF,NF) and αs(μ,NF) up to μT 

• user can freely choose where to change the scheme

Variable Flavor Number Scheme
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7

Figure 3: Momentum fraction carried by the (a) u-quark
and (b) ū-quark in the 3, 4, 5, and 6 flavor schemes.

theory. Thus, the separate contributions of the perturba-
tive QCD result must conspire to compensate the µ and
N

F

dependence to the order of the calculation.
For example, when we activate the charm PDF, we

find the gluon PDF is decreased. Within the limits of the
perturbation theory, we would expect that the decreased
contribution from the gluon initiated processes would be
(at least partially) compensated by the new charm initi-
ated processes. This compensation mechanism is clearly
evident for the calculation of F

charm

2 ; additionally, we
find that because the gluon initiated and charm initi-
ated contribution generally have opposite renormaliza-
tion scale dependence, the resulting VFNS prediction is
more stable in µ as compared to the FFNS result [6].

Another compensating mechanism is evident when
comparing Fig. 2 and Fig. 4 where we note that the
N

F

dependence of ↵

s

is generally opposite to that of
the gluon PDF; this observation is particularly interest-
ing as many NLO contributions are proportional to the
combination ↵

S

⇥ x g. If we consider the inclusive struc-
ture functions F123L, for example, the LO contributions
are proportional to the electroweak couplings and the
quark PDFs – both of which are relatively invariant under
changes in N

F

. Thus, the primary effect of the N

F

de-
pendence will be to modify the NLO contributions which
are dominantly proportional to ⇠ ↵

S

⇥ x g. For these
contributions, the x g and ↵

S

dependence will partially
cancel each other out so that the total result is relatively
stable as a function of N

F

[6, 31].
To illustrate this mechanism, we show the combination
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Figure 4: (a) 2-loop ↵

S

for different number of flavors;
(b) ratio of 3, 4, 5, and 6-flavor ↵

S

to the 6-flavor one.

↵

S

⇥ x g vs. x (in Fig. 5) and vs. µ (in Fig. 6). The
compensating properties are best observed in the ratio
plots (Figs. 5b and 6b).

For example, in Fig. 5b for µ = 5 GeV we see that if we
start with N

F

= 3 for both ↵

s

and g (red line), the effect
of changing N

F

= 5 for ↵

s

increases ↵

S

⇥ x g by 6%;
but, changing N

F

= 5 for the gluon decreases ↵

S

⇥ x g

by roughly the same amount. Hence, the combination
↵

S

⇥ x g is relatively stable under a change of N

F

as
we see by comparing the curves labeled {3, 3} (red) and
{5, 5} (cyan). This is an example of how the perturbation
theory adjusts to yield a result that is (approximately)
independent of N

F

at a given order of perturbation the-
ory.

In Fig. 6 we show ↵

S

⇥x g vs. µ for a choice of x values
{10�1

, 10�3
, 10�5}. While {3, 3} (red) and {5, 5} (cyan)

results are roughly comparable for lower µ and higher x

values (10�1), for smaller x values and larger µ the shift
in the gluon is not sufficient to compensate that of ↵

s

.

Reviewing Fig. 5 in more detail, we observe that
the N

F

compensation works well for lower µ values
⇠ (5, 10) GeV across a broad range of x. For µ = 5 GeV,
the curves labeled {3, 3} (red) and {5, 5} (cyan) match
within about ⇠ 2% over much of the x range. However,
for larger µ = 100 GeV the compensation between ↵

S

and
g is diminished. We will see this pattern again when we
examine the physical structure functions, and this differ-
ence is driven (in part) by uncanceled mass singularities
in the FFNS result.

arXiv:1306.6553
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plots (Figs. 5b and 6b).

For example, in Fig. 5b for µ = 5 GeV we see that if we
start with N

F

= 3 for both ↵

s

and g (red line), the effect
of changing N

F

= 5 for ↵

s

increases ↵

S

⇥ x g by 6%;
but, changing N

F

= 5 for the gluon decreases ↵

S

⇥ x g

by roughly the same amount. Hence, the combination
↵

S

⇥ x g is relatively stable under a change of N

F

as
we see by comparing the curves labeled {3, 3} (red) and
{5, 5} (cyan). This is an example of how the perturbation
theory adjusts to yield a result that is (approximately)
independent of N

F

at a given order of perturbation the-
ory.

In Fig. 6 we show ↵

S

⇥x g vs. µ for a choice of x values
{10�1

, 10�3
, 10�5}. While {3, 3} (red) and {5, 5} (cyan)

results are roughly comparable for lower µ and higher x

values (10�1), for smaller x values and larger µ the shift
in the gluon is not sufficient to compensate that of ↵

s

.

Reviewing Fig. 5 in more detail, we observe that
the N

F

compensation works well for lower µ values
⇠ (5, 10) GeV across a broad range of x. For µ = 5 GeV,
the curves labeled {3, 3} (red) and {5, 5} (cyan) match
within about ⇠ 2% over much of the x range. However,
for larger µ = 100 GeV the compensation between ↵

S

and
g is diminished. We will see this pattern again when we
examine the physical structure functions, and this differ-
ence is driven (in part) by uncanceled mass singularities
in the FFNS result.

6

which allows us to examine the charm threshold. The
full set of N

F

= {3, 4, 5, 6} PDFs is generated as de-
scribed above using the MS matching conditions applied
at the quark mass values.11 The details of the matching
are described in Appendix A.

A. NF Dependence of the PDFs

We begin by illustrating the effect of the number of
active flavors N

F

on the PDFs, f
i

(x, µ,N
F

). One of the
simplest quantities to examine is the momentum fraction
h´ 1

0 x f

i

(x) dx
i

carried by the PDF flavors as a function
of the µ-scale.

Fig. 2 shows the gluon and heavy quark momentum
fractions as a function of the µ scale. For very low µ

scales all the curves coincide by construction; when µ <

m

c,b,t

the charm, bottom, and top degrees of freedom will
“deactivate” and the N

F

= 4, 5, 6 results will reduce to
the N

F

= 3 result.
As we increase the µ scale, we open up new channels.

For example, when µ > m

c

the charm channel activates
and the DGLAP evolution will generate a charm PDF
via the g ! cc̄ process. Because the overall momentum
sum rule must be satisfied

h

P

i

´ 1
0 x f

i

(x) dx = 1
i

, as we
increase the momentum carried by the charm quarks, we
must decrease the momentum carried by the other par-
tons. This interplay is evident in Fig. 2. In Fig. 2-a, we
see that for µ = 1000 GeV, the momentum fraction of the
N

F

= 4 gluon is decreased by ⇠ 4% as compared to the
N

F

= 3 gluon. Correspondingly, in Fig. 2-b we see that
at µ = 1000 GeV, the momentum fraction of the charm
PDF is ⇠ 4%. Thus, when we activate the charm in the
DGLAP evolution, this depletes the gluon and populates
the charm PDF via g ! cc̄ process.

In a similar manner, comparing the momentum frac-
tion of the N

F

= 5 gluon to the N

F

= 4 gluon at
µ = 1000 GeV we see the former is decreased by ⇠ 3%;
in Fig. 2-b we see that at µ = 1000 GeV the momentum
fraction of the bottom PDF is ⇠ 3%.

The gluon PDF is primarily affected by the heavy N

F

channels as it couples via the g ! cc̄, bb̄, tt̄ processes. The
effect on the light quarks {u, d, s} is minimal as these
only couple to the heavy quarks via higher order pro-
cesses (uū ! g ! cc̄). This property is illustrated in
Fig. 3 where we display the u and ū quark momentum
for different N

F

values. While the N

F

variation yields
a ⇠ 8% momentum fraction shift for the gluon, the to-
tal shift of the u quark is only ⇠ 1% of the momentum
fraction.12

11 These NF -dependent PDFs are available on the nCTEQ web-
page at HEPForge.org.

12 For example, in Fig. 3-a, we see the momentum fraction change
from ⇠ 20% for NF = 3 to ⇠ 19% for NF = 6.
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Figure 2: (a) Gluon momentum fraction; (b)
Momentum fraction for c+ c̄, b+ b̄ and t+ t̄ quarks.

The results have been obtained using NLO PDFs (MS)
with a 2-loop ↵

S

.

B. NF Dependence of ↵s

The PDFs are only one piece of the full calculation; an-
other essential ingredient is the strong coupling constant
↵

S

(µ,N
F

). The running coupling is sensitive to higher-
order processes involving virtual quark loops; hence, it
depends on the number of active quarks, and we make
this dependence explicit with the ↵

S

(µ,N
F

) notation.
More precisely, the strong coupling depends on the renor-
malization scale µ

R

, in contrast to the factorization scale
µ

F

. However, for this work we have set µ

R

= µ

F

= µ.
In Fig. 4 we display ↵

S

(µ,N
F

) vs. µ for different N

F

values. We choose an initial ↵
S

(µ,N
F

) at a low µ = Q0

and N

F

= 3, and evolve this to larger scales using the
NLO beta function. (See Appendix A 1 for details.) As
we saw in Fig. 2, the N

F

transitions are evident.
There are strong constraints on ↵

S

(µ,N
F

) at low scales
(µ ⇠ m

⌧

) from hadronic ⌧ decays, and at high scales
(µ ⇠ M

Z

) from LEP2 measurements [38]; thus, it is not
trivial to satisfy both limits for a fixed value of N

F

.

C. Interplay between ↵S(µ,NF ) and g(x, µ,NF )

If we could do an all-orders calculation for any physical
observable, this would be independent of N

F

and µ; for
finite-order calculations, any residual µ and N

F

depen-
dence is simply an artifact of our truncated perturbation

arXiv:1306.6553
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FFNS vs VFNS: Pros and Cons
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Heavy flavor schemes: FFNS
HEAVY FLAVOR SCHEMES
FFNS OR VFNS

3-FFNS
• charm is not a parton, appears only in final state
• no collinear divergences from c → c + g
but terms ∝ log(µ/m) with µ = Q,pT , . . . the hard scale

• Collinear logarithms log(µ/m) kept in fixed order perturbation theory
+ correct threshold behavior
+ finite charm mass terms m/µ exactly taken into account
– not IR-safe: does not meet requirement (2)
– How to include possible intrinsic charm?

The 3-FFNS should fail when αs ln(µ/m) becomes large [or as ln(µ/m)?]

Phenomenological question: When need to resum collinear log’s?
→ Not unambigously answered yet! A lot of handwaving . . .

I. Schienbein (LPSC Grenoble) Masses in pQCD Oct. 27, 2011 13 / 74
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Heavy flavor schemes: VFNSHEAVY FLAVOR SCHEMES
FFNS OR VFNS

VFNS
• charm is a parton for µ ! m
• mass singularities absorbed in PDFs (and FFs)

• if m = 0: 1/ε poles→ MS subtraction
• if m "= 0: log(µ/m) + finite→ MS subtraction

• QCD prediction: DGLAP (RG) evolution resums large logarithms log(µ/m)

+ Requirements (1), (2) satisfied
+ finite mass terms m/µ can be taken into account: massive VFNS (GM-VFNS)
(otherwise: massless VFNS (ZM-VFNS) which is the original parton model)

– Requirement (3) problematic point:
• In DIS slow-rescaling prescriptions (ACOT-χ) good approximation of exact
threshold kinematics: c(x) → c(χ) where χ = x(1+ 4m2/Q2)

• What to do in hadron–hadron collisions?
• What to do in 1-particle inclusive production?

• Intrinsic charm natural to incorporate

I. Schienbein (LPSC Grenoble) Masses in pQCD Oct. 27, 2011 14 / 74
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Heavy flavor schemes: VFNSHEAVY FLAVOR SCHEMES
VFNS: MORE

VFNS
• Factorization proof with massive quarks for inclusive DIS: Collins ’98
Remainder ∼ O(Λ2/Q2) not ∼ O(m2/Q2)

• Many incarnations of VFNS (ACOT, ACOT-χ, TR): Freedom to shift finite
m-terms without spoiling IR-safety

• S-ACOT scheme: incoming heavy quarks massless (↔ scheme choice)
more complex at NNLO

• Massive quarks can be described by massless evolution kernels (↔ scheme
choice)

• Matching n → n + 1: PDFs, αs, masses
• At NLO matching continuous at µ = m: f nfi = f nf+1i

• At higher orders matching discontinuos:
• for PDFs discontinuous at O(α2s)
• for αs discontinuous at O(α3s)

• Observable discontinuous: σnf = σnf+1 + O(αK+1
s )

I. Schienbein (LPSC Grenoble) Masses in pQCD Oct. 27, 2011 15 / 74
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Termes in the perturbation series

LL NLL NNLL ...

LO

NLO

NNLO

...

1

aL a

(aL)2 a(aL) a2

... ... ... ...

Fixed Order→

ResummedL = ln (m/pT)
a = αs/(2 π)
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FFNS/Fixed Order NLO

LL NLL NNLL ...

LO

NLO

NNLO

...

1

aL a

(aL)2 a(aL) a2

... ... ... ...

Fixed Order→

Resummed

m≠0

m≠0
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ZM-VFNS/Resummed NLO

LL NLL NNLL ...

LO

NLO

NNLO

...

1

aL a

(aL)2 a(aL) a2

... ... ... ...

Fixed Order→

Resummed

m=0 m=0
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GM-VFNS/FONLL (NLO+NLL)

LL NLL NNLL ...

LO

NLO

NNLO

...

1

aL a

(aL)2 a(aL) a2

... ... ... ...

Fixed Order→

Resummed

m≠0

m≠0 m≠0

m=0 m=0

m=0 m=0
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II. OPEN HEAVY FLAVOR 
HADROPRODUCTION
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Why interesting?
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• Provides important probes for (our understanding of) QCD

• mh acts as long distance cut-off: pQCD applicable down to pT~0, 
σtot calculable

• multi-scale problem (m, pT): pT<m, pT~m, pT>>m confronted to data!

testing ground for other multi-scale problems:
production of W/Z/Higgs, BSM processes

• Heavy flavor production sensitive to gluon, heavy quark PDFs
pp and pA collisions: constraints on these PDFs

• AA collisions: heavy flavors important probes of the QGP 

• Solid understanding of charm production needed in cosmic ray and 
neutrino astrophysics 

Why open heavy flavor production is interesting
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Theoretical approaches:
Fixed Flavor Number Scheme

(FFNS)
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FFNS/Fixed Order

d�Q '
X

a,b

fA
a ⌦ fB

b ⌦ d�̃ab!Q+X

Factorization formula for inclusive heavy quark (Q) production:

sum over all possible 
partonic subprocesses

Calculable short distance cross section; 
log(pT/m) terms kept in fixed order

PDFs
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FFNS/Fixed Order

d�Q '
X

a,b

fA
a ⌦ fB

b ⌦ d�̃ab!Q+X

Factorization formula for inclusive heavy quark (Q) production:

sum over all possible 
partonic subprocesses

Calculable short distance cross section; 
log(pT/m) terms kept in fixed order

PDFs

Inclusive heavy-flavored hadron (H) production:

d�H = d�Q ⌦DH
Q (z)

Convolution with a 
scale-independent FF

* non-perturbative 
* describes hadronization
* not based on a fact. theorem 
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Leading Order (LO)HEAVY QUARK HADROPRODUCTION IN LEADING ORDER (LO)

Leading order subprocesses:

1. gg → QQ̄
2. qq̄ → QQ̄ (q = u, d , s)

• The gg-channel is dominant at the LHC (∼ 85% at
√
S = 14 TeV).

• The total production cross section for heavy quarks is fi nite.
The minimum virtuality of the t-channel propagator is m2. Sets the scale in αs.
Perturbation theory should be reliable.

• Note: For m2 → 0 total cross section would diverge.

[See M. Mangano, hep-ph/9711337; Textbook by Ellis, Stirling and Webber]

I. Schienbein (LPSC Grenoble) D and B production in the GM-VFNS July 11–15, 2011 13 / 58
Thursday, February 19, 15



Next-to-leading Order (NLO)HEAVY QUARK HADROPRODUCTION IN NLO

Next-to-leading order (NLO) subprocesses:

1. gg → QQ̄g
2. qq̄ → QQ̄g (q = u, d , s)
3. gq → QQ̄q, gq̄ → QQ̄q̄ [new at NLO]
4. Virtual corrections to gg → QQ̄ and qq̄ → QQ̄

NLO corrections for σtot and differential cross sections dσ/dpTdy known since long:
• Nason, Dawson, Ellis, NPB303(1988)607; Beenakker, Kuif, van Neerven, Smith,
PRD40(1989)54 [σtot]

• NDE, NPB327(1989)49; (E)B335(1990)260; Beenakker et al.,NPB351(1991)507
[dσ/dpTdy ]

Well tested by recalculations and zero-mass limit:
• Bojak, Stratmann, PRD67(2003)034010 [dσ/dpTdy (un)polarized]
• Kniehl, Kramer, Spiesberger, IS, PRD71(2005)014018 [m → 0 limit of diff. x-sec]
• Czakon, Mitov, NPB824(2010)111 [σtot, fully analytic]

I. Schienbein (LPSC Grenoble) D and B production in the GM-VFNS July 11–15, 2011 14 / 58
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Next-to-leading Order (NLO)

• Fixed order NLO calculation also useful to obtain 
predictions of heavy quark correlations!

Mangano,Nason,Ridolfi (’92)
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• Two-loop virtual most difficult

• Analytic approach: Bonciani, Ferroglia, Gehrmann, 
Maitre, Studerus, von Manteuffel (’08-’10)

• Numeric approach: Czakon, Mitov et al.

• Virtual + Real
Dittmaier, Uwer, Weinzierl (’08) 

• Subtraction method for IR 
singularities in double real 
Czakon (’10-’11)

Next-to-next-to-leading Order (NNLO)

Channels: qq̄, gg, qg

M (0)
2 +M (1)

2 +M (2)
2

M (0)
3 +M (1)

3

M (0)
4
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• Available now for top pair production!

• Total cross section

• Differential distributions

• Analytic approach not yet complete
[Bonciani et al.]

Next-to-next-to-leading Order (NNLO)

Czakon, Mitov, PRL110(2013)252004

Czakon, Mitov, arXiv:1411.3007

Very large scale uncertainties at NLO in c,b production

NNLO will be crucial to make progress!
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–
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2+mb
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Figure 1: CDF data [6] for d�/dpT of B+ production compared with predictions from the
FFNS. The dashed lines represent the theory error obtained by varying renormalization
and factorization scales by factors of 2 and 1/2 around the default value µI = µR = mT .

i = R, I and ⇠R = ⇠I = 1, mT =
q
p2T +m2

b , while the dashed lines represent an estimate
of the theoretical error obtained in the usual way by varying the scales by a factor of
2 and 1/2. We take the transition of b and b̄ quarks to the observed B meson final
state into account by using the branching fraction B(b ! B) = 39.8% [37] as an overall
normalization factor. The prediction from the FFNS agrees with the CDF data quite well
within experimental errors up to pT ' 15 GeV. Beyond this value of pT the FFNS starts
to over-estimate the data as has been shown already in our previous publication [34].

In the FFNS there is no need for FFs. A scale-independent FF might be introduced,
however, on phenomenological grounds and on theoretical considerations to guarantee a
proper matching between the schemes with nf = 4 and nf = 5. In Fig. 2 (left panel) we
show results where a scale-independent Peterson fragmentation function with ✏ = 10�4

was used. We find only marginal di↵erences with the case where a constant branching
fraction is used. Note that there are no g, q, q̄ ! B transitions in the FFNS.

In addition to uncertainties from scale variations there are additional uncertainties due to

4
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p p
–
 A B+ X

3S = 1.96 TeV

-1 )  y ) 1

FFNS; ¡=0.0001

µi= ji mT
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–
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Figure 2: d�/dpT for B+ production at the Tevatron in the FFNS. Left panel: using
a Peterson fragmentation with ✏ = 10�4. Renormalization and factorization scales are
varied by a factor of 2 up and down around the default choice µI = µR = mT . Right
panel: uncertainties from varying the b-quark mass. CDF data are from [6].

errors in the input parameters. We postpone a discussion of errors in the parametrization
of PDFs to the case of predictions for the LHCb experiment (see Fig. 7 below), but instead
show the influence of varying the b-quark mass for the Tevatron measurements in Fig. 2
(right panel). At low pT the uncertainty is comparable in size with the scale uncertainty,
but it is negligible at pT above about 2 times mb.

In [34] we had already presented a detailed comparison of results from the FFNS and
the GM-VFNS with CDF data for B+ production (see, for example, Figs. 7, 8 in [34]).
For calculations in the GM-VFNS we use the scale-dependent fragmentation functions
described in Ref. [34]. In this case there are also small but non-zero contributions for the
transition from light quarks and gluons to B-mesons. With the default choice of the scale
parameters ⇠R = ⇠I = ⇠F = 1, the GM-VFNS predictions diverge for pT ! 0, in obvious
disagreement with the data. We notice, however, that the two predictions approach each
other at around pT ' 20 GeV, i.e. 4 to 5 times mb. In Fig. 3 we show a similar comparison
of the FFNS and GM-VFNS predictions compared with the LHCb data [15]. Although
these data correspond to much higher center-of-mass energies and to di↵erent rapidity
ranges compared with the previous results in Ref. [34], we observe the same qualitative
behaviour of the FFNS and GM-VFNS predictions and a transition point again at about
the same value of pT ' 20 GeV.

5

no FF Peterson FF Varying m_b

Some NLO results for B-meson production

NLO FFNS works very well for pT up to roughly 5m
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Remarks:
• Fixed order theory in reasonable agreement with Tevatron data up to pT ! 5mb

• At pT ! mb factorization less obvious. Depends on defi nition of convolution
variable z: pB = zpb or pBT = zpbT or p+

B = zp+
b or !pB = z!pb

• Less hadronization effects than originally believed:
ε-parameter small corresponding to a hard fragmentation function.
Harder FF→ harder pT -spectrum

• Larger αs(MZ ) → harder pT -spectrum
• Mass dependence imortant for pT ! m (peak)→ σtot

• Only the 4th or 5th Mellin-moment of the FF is relevant for large pT [M. Mangano]:
dσb/dpT (b) ! A/pT (b)n with n ! 4, . . . , 5

dσB/dpT (B) =
R

dz/z D(z) dσb/dpT (b)[pT (b) = pT (B)/z] =
A/pT (B)n ×

R

dz zn−1 D(z)
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Theoretical approaches:
Zero Mass Variable Flavor Number Scheme

(ZM-VFNS)
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ZM-VFNS/RS

Factorization formula for inclusive heavy quark (Q) production:

d�

H+X '
X

a,b,c

Z 1

0
dxa

Z 1

0
dxb

Z 1

0
dz f

A
a (xa, µF )f

B
b (xb, µF )d�̂ab!c+XD

H
c (z, µ0

F ) +O(m2
/p

2
T )

• Same factorization formula as for inclusive production of 
pions and kaons

• Quark mass neglected in kinematics and the short distance 
cross section

• Allows to compute pT spectrum for pT >> m

• Needs scale-dependent FFs of quarks and gluons into 
the observed heavy-flavored hadron (H)
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List of subprocesses in the ZM-VFNSLIST OF SUBPROCESSES: ZM-VFNS

Massless NLO calculation: [Aversa,Chiappetta,Greco,Guillet,NPB327(1989)105]
1. gg → qX
2. gg → gX
3. qg → gX
4. qg → qX
5. qq̄ → gX
6. qq̄ → qX
7. qg → q̄X
8. qg → q̄′X
9. qg → q′X
10. qq → gX
11. qq → qX
12. qq̄ → q′X
13. qq̄′ → gX
14. qq̄′ → qX
15. qq′ → gX
16. qq′ → qX

⊕ charge conjugated processes
I. Schienbein (LPSC Grenoble) D and B production in the GM-VFNS July 11–15, 2011 21 / 58
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Fragmentation functions

Approach 1: Perturbative FFs (PFFs)

DH
i (z, µ0

F ) = DQ
i (z, µ

0
F )⌦DH

Q (z)

PFF evolved with DGLAP;
short distance; 
boundary condition calculable

Non-pert., scale-independent FF
describing hadronization of heavy 
quark Q into heavy hadron H

Caccciari, Greco, ...

Mellin-moments of  DQH(z) determined from e+e- data

Approach 1I: treat FFs into H in the same 
way as FFs into pions or kaons 

Binnewies, Kniehl, Kramer, ...

Non-pert. boundary conditions DiH(z,m) from fit to e+e- data;
Determine FFs directly in x-space; evolved with DGLAP
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FFs into D mesonsFRAGMENTATION FUNCTIONS INTO D MESONS

BELLE
CLEO

xp

dσ
/d

x p(
e+ e-  →

 D
+ ) (

nb
)

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

OPAL
total
b-tagged

x

1/
σ

to
t d
σ

/d
x(

e+ e-  →
 D

+ )

0
0.05
0.1

0.15
0.2

0.25
0.3

0.35
0.4

0.45

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

FF for c → D∗

from fi tting to e+e− data
2008 analysis based on GM-VFNS
µ0 = m

global fi t: data from
ALEPH, OPAL, BELLE, CLEO
BELLE/CLEO fi t
[KKKS: Kneesch, Kramer, Kniehl, IS
NPB799 (2008)]

tension between low and high energy
data sets → speculations about non-
perturbative (power-suppressed) terms
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FFs into B mesons [1] from LEP/SLC data [2]FFS INTO B MESONS [1] FROM LEP1/SLC DATA [2]

Petersen Kartvelishvili-Likhoded

D(x , µ2
0) = N x(1− x)2

[(1− x)2 + εx]2
D(x , µ2

0) = Nxα(1− x)β

ALEPH, OPAL, SLD

x

1/
σ

ha
d  

dσ
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)
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x
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0.6
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χ2/d.o.f. = 21.37 χ2/d.o.f. = 1.495

[1] Kniehl,Kramer,IS,Spiesberger,PRD77(2008)014011
[2] ALEPH, PLB512(2001)30; OPAL, EPJC29(2003)463; SLD, PRL84(2000)4300;
PRD65(2002)092006
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Theoretical approaches:
General Mass Variable Flavor Number Scheme

(GM-VFNS)

Thursday, February 19, 15



GM-VFNSS-ACOT: OUR THEORETICAL BASIS FOR pp̄ → D!X

Factorization Formula: [1]

dσ(pp̄ → D!X) =
X

i,j,k

Z

dx1 dx2 dz f pi (x1) f p̄j (x2) ×

dσ̂(ij → kX) DD!

k (z) + O(αn+1
s , ( Λ

Q )p)

Q: hard scale, p = 1, 2

• dσ̂(µF , µ′
F , αs(µR), mh

pT
): hard scattering cross sections

free of long-distance physics→ mh kept
• PDFs f pi (x1, µF ), f p̄j (x2, µF ): i , j = g, q, c [q = u, d , s]

• FFs DD!

k (z, µ′
F ): k = g, q, c

⇒ need short distance coefficients including heavy quark masses

[1] J. Collins, ’Hard-scattering factorization with heavy quarks: A general treatment’,
PRD58(1998)094002
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List of subprocesses in the GM-VFNSLIST OF SUBPROCESSES: GM-VFNS

Only light lines
1 gg → qX
2 gg → gX
3 qg → gX
4 qg → qX
5 qq̄ → gX
6 qq̄ → qX
7 qg → q̄X
8 qg → q̄′X
9 qg → q′X
10 qq → gX
11 qq → qX
12 qq̄ → q′X
13 qq̄′ → gX
14 qq̄′ → qX
15 qq′ → gX
16 qq′ → qX

Heavy quark initiated (mQ = 0)
1 -
2 -
3 Qg → gX
4 Qg → QX
5 QQ̄ → gX
6 QQ̄ → QX
7 Qg → Q̄X
8 Qg → q̄X
9 Qg → qX
10 QQ → gX
11 QQ → QX
12 QQ̄ → qX
13 Qq̄ → gX , qQ̄ → gX
14 Qq̄ → QX , qQ̄ → qX
15 Qq → gX , qQ → gX
16 Qq → QX , qQ → qX

Mass effects: mQ "= 0
1 gg → QX
2 -
3 -
4 -
5 -
6 -
7 -
8 qg → Q̄X
9 qg → QX
10 -
11 -
12 qq̄ → QX
13 -
14 -
15 -
16 -

⊕ charge conjugated processes

[1] Aversa, Chiappetta, Greco, Guillet, NPB327(1989)105
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Sec. II, both implemented at NLO with Λ(5)

MS
= 227 MeV and m = 4.5 GeV. For simplicity, we

use a common factorization scale for the initial and final states. We set the renormalization

and factorization scales to µR = ξRmT and µF = ξFmT , where mT =
√

p2
T + m2 is the

transverse mass of the b quark and ξR and ξF are introduced to estimate the theoretical

uncertainty. Unless otherwise stated, we use the default values ξR = ξF = 1. With our

default choices µ0 = m and µF = mT , we have µF → µ0 as pT → 0. In this limit, the FFs

and b-quark PDF should fade out and quench the cross section, leading to a turn-over of the

pT distribution. However, the precise location of the maximum and other details of the line

shape are also subject to other implementation issues of the GM-VFNS. We shall return to

this topic in Sec. IV.

The calculation of the cross section d2σ/(dpTdy) of B-meson hadroproduction at NLO

in the GM-VFNS proceeds analogously to the case of D mesons outlined in Ref. [13]. Now,

m denotes the mass of the b quark, and the c quark belongs to the group of light quarks q,

b

b B

g

g

(a)

g

b B

b

g

(b)

q

q

B

g

g

(c)

FIG. 2: Examples of Feynman diagrams leading to contributions of (a) class (i), (b) class (ii), and

(c) class (iii).

10

arXiv:0705.4392
Reaches 50% at Tevatron at 

small pT; decreases only 
mildly towards larger pT

Example diagrams
m ≠ 0 m = 0 (S-ACOT)
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• GM-VFNS → ZM-VFNS for pT >> m
(this is the case by construction)

• GM-VFNS → FFNS for pT ~ m
(formally this can be shown; numerically 
problematic in the S-ACOT scheme)

Limiting cases
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reaches approximately 50% at small values of pT , and its relative contribution decreases only

rather mildly towards larger values of pT .

We first investigate the effect of the finite-m terms in the hard-scattering cross sections

FIG. 3: Transverse-momentum distribution dσ/dpT of pp̄ → B +X at c.m. energy
√

S = 1.96 TeV

integrated over the rapidity range |y| < 1. The contributions of class (i) evaluated at LO in the

ZM-VFNS (dashed line) and the GM-VFNS (solid line), but with the NLO versions of αs, the

PDFs, and the FFs, are compared.

12

LO: m=0 case diverges at pT=0

The GM-VFNS at low pT

Problem: current implementation in S-ACOT scheme
b+g channel with m=0 diverges at small pT!
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show that NLO corrections in the zero-mass part of the GM-VFNS are essential at high
pT . Therefore we do not follow this option either.

Instead, we can try to exploit the freedom o↵ered by the presence of the renormalization
and factorization scales, parameters which are present anyway. Their value is not deter-
mined by theory, but a choice has to be made, based on some reasonable, but ad-hoc
physical argument. In fact, a judicious choice of scales can lead to a suppression of the
potentially dangerous contributions from initial-state b quarks. This possibility is based
on the fact that all common available PDF fits assume that the heavy-quark PDF is zero
below a starting scale, usually chosen at µ = mb, i.e. equal to the heavy-quark mass.
The same is true for the FFs: the FF for the b ! B transition vanishes below µF = mb.
Therefore, with µI,F = ⇠I,FmT , a value of the scale parameters ⇠I,F smaller than 1, will

return a zero heavy-quark PDF (a zero b-FF) for pT < mb

q
1� ⇠2I,F/⇠I,F .

We show corresponding results in Fig. 5 (left). Indeed, values for ⇠I,F of about 1/2 lead
to the required suppression of b-quark initiated contributions. In this figure, we compare
GM-VFNS predictions with CDF data for the choice ⇠R = 1 and ⇠I = ⇠F = 0.4, 0.5 and
0.6. In all cases there is a turn-over near pT = 2.5 GeV and the agreement with the CDF

dm/dpT (nb/GeV)
p p

–
 A B+ X

GM-VFNS
3S = 1.96 TeV
-1.0 )  y ) 1.0

Tevatron Data

default scale = 3(pT
2+mb

2)
µI and µF frozen below µ=mb
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–
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µI and µF frozen below µ=mb
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Figure 5: d�/dpT for pp̄ ! B+ + X at
p
S = 1.96 TeV, |y| < 1.0, in the GM-VFNS

(data from CDF [6]). Left panel: ⇠R = 1, ⇠I = 0.5 and ⇠F = 0.5 (full curve), ⇠F = 0.6
(upper dashed curve), ⇠F = 0.4 (lower dashed curve). Right panel: ⇠i = (1, 0.5, 0.5) for
the central curve; upper curve: ⇠R = 0.5, lower curve: ⇠R = 2.

9

The GM-VFNS at low pT

arXiv:1502.01001Problem can be solved by suitable scale choice
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d�/dpT (nb/GeV)
p p � (B++B-) X

FFNS
�S = 7.0 TeV

2.0 �  y � 4.5

LHCb Data

default scale = �(pT
2+mb

2)

pT (GeV)

10 3

10 4

10 5

0 2 4 6 8 10 12

dm/dpT (nb/GeV)
p p A (B++B-) X

GM-VFNS
3S = 7.0 TeV

2.0 )  y ) 4.5

LHCb Data

default scale = 3(pT
2+mb

2)
µI and µF frozen below µ=mb

pT (GeV)

10 3

10 4

10 5

0 2 4 6 8 10 12

Figure 6: d�/dpT for pp ! B+ + B� +X at
p
S = 7 TeV with 2.0 < y < 4.5, compared

with results from the FFNS (left) and the GM-VFNS (right). ⇠R,I,F = (1, 0.5, 0.5). The
error band is obtained from variations by factors 2 up and down (maximum: ⇠R = 0.5,
minimum: ⇠R = 2). The factorization scale parameters are frozen below µI,F = mb. Data
points are taken from [15].

Finally, we compare results obtained at NLO in the GM-VFNS with data measured by the
ATLAS collaboration for the production of B+ mesons in Fig. 9. These data extend into
the very large pT range where we expect that the GM-VFNS is the appropriate scheme.
Indeed, the agreement of our calculation with data is good. Only in the lowest pT bin
(9� 13 GeV) and for central rapidities, the data are slightly over-estimated. Since these
are data for large pT , the adjustment of scales to match to the FFNS as described above
is not an issue here.

3 Conclusions

Any prediction from perturbative QCD for hadron collisions requires the factorization
of initial- and final-state singularities. This unavoidably introduces factorization scale
parameters which can not be predicted from theory. Their choice must be based on
physical arguments. We have exploited the freedom in this choice to find a prescription
which extends the reliability of predictions from the general-mass variable-flavor-number

11

The GM-VFNS at low pT

Comparison with LHCb data arXiv:1502.01001
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Figure 9: pp ! B+ + X at
p
S = 7 TeV in the GM-VFNS compared with data from

ATLAS [13]. µI,F are frozen below mb and ⇠i = (1, 1, 1).

14

GM-VFNS: Comparison with ATLAS data 

arXiv:1502.01001
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GM-VFNS 

• FFs in x-space in the BKK approach 

• Heavy-quark initiated contributions (Q+g → Q+X, ...) 
get very large at small pT in the massless case:

(i) switch off heavy-quark PDF sufficiently quickly
OR
(ii) calculate these subprocesses with mass 

• Error bands: μR , μF , μF’ varied independently 

• Predictions for D and B prod. at Tevatron, RHIC, LHC:
arXiv:1502.01001, 1202.0439, 1109.2472, 0901.4130, 0705.4392, 
hep-ph/0508129, ph/0502194, ph/0410289

• Predictions including D-decay and B-decay:
arXiv: 1310.2924, 1212.4356
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Theoretical approaches:
Fixed Order plus Next-to-Leading Logarithms

(FONLL)
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FONLL=FO+NLL [1]  FONLL = FO+NLL [1]

FONLL = FO+ (RS− FOM0)G(m, pT)

FO: Fixed Order; FOM0: Massless limit of FO; RS: Resummed

G(m, pT ) =
p2T

p2T+25m2 "

8

>

>

>

>

>

<

>

>

>

>

>

:

0.04 : pT = m
0.25 : pT = 3m
0.50 : pT = 5m
0.66 : pT = 7m
0.80 : pT = 10m

⇒ FONLL =

(

FO : pT ! 3m
RS : pT " 10m

[1] Cacciari, Greco, Nason, JHEP05(1998)007
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FONLL 

• FFs in N-space in the PFF approach 

• RS-FOM0 gets very large at small pT:

G(m,pT) = pT2/(pT2 + a2 m2) with a=5 

needed to suppress this contribution sufficiently rapidly

• Central scale choice for FO, RS, FOM0: mT

• Error bands: μF = μF’ (only two scales varied)

• Predictions for LHC7 in arXiv:1205.6344
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NLO Monte Carlo generators:
MC@NLO and POWHEG
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NLO MC generators 

• MC@NLO, POWHEG: hep-ph/0305252, arXiv:0707.3088
consistent matching of NLO matrix elements with parton 
showers (PS)

• Flexible simulation of hadronic final state 
(PS, hadronization, detector effects)

Note: FONLL and GM-VFNS only one-particle inclusive 
observables

• High accuracy: NLO+LL*
(FONLL and GM-VFNS have NLO+NLL accuracy)

• Simulation of hadronic final state involves tuning;
NOT a pure theory prediction!
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Theoretical approaches:
kT factorization
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III. COMPARISON OF GM-VFNS, 
FONLL, POWHEG with ALICE DATA
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Figure 1. Transverse-momentum distributions of D0 (top), D+ (centre) and D∗+ (bottom) mesons
centrally produced at the LHC with

√
s = 2.76 TeV and compared to ALICE data [9].
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Figure 3. Transverse-momentum distributions of D0 (top), D+ (centre) and D∗+ (bottom) mesons
centrally produced at the LHC with

√
s = 7 TeV and compared to ALICE data [10].
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Figure 4. Transverse-momentum distributions of D+
s mesons centrally produced at the LHC with√

s = 7 TeV and compared to ALICE data [11].

divided into five equidistant rapidity bins and successfully compared there, but we refrain

here from showing the corresponding figures and POWHEG predictions as they do not add

significant information.

At central rapidities (|y| < 0.5), ALICE has furthermore measured heavy-flavour de-

cay into electrons without flavour separation [23]. The main backgrounds here stem from

pseudoscalar, light and heavy vector meson decays, which have been subtracted, together

with real and virtual photon conversions, using a Monte Carlo “cocktail” calculation [23].

A comparison with FONLL predictions is included in the experimental publication, while a

comparison with GM-VFNS predictions can be found in Fig. 3 in the Erratum of Ref. [39].

The measurement was subsequently repeated including flavour separation, where decays

of beauty hadrons were identified through a secondary vertex, displaced from the primary

collision vertex [24]. For this data set, comparisons with FONLL have been made in the ex-

perimental publication and with GM-VFNS in Ref. [39], but only for the decays of bottom

hadrons. As one can see in Fig. 6 (bottom), the theoretical uncertainty for the latter is very

large at small pT , whereas it is much smaller for charm decays, as can also be seen in Fig.

6 (top) and as it should be for smaller quark masses. For beauty decays, the POWHEG

prediction and its theoretical uncertainty coincide almost exactly with the FONLL predic-

– 13 –

Thursday, February 19, 15



arXiv:1405.3083

Comparison with ALICE data 

 (n
b/

G
eV

)
T

/d
p

σd

1

10

210

310

410 ALICE
POWHEG
GM-VFNS
FONLL

2.5<y<4.0

 = 7 TeVs)/2 at -µ++µ (→ HF+X →pp 

2 4 6 8 10 12

AL
IC

E/
PO

W
HE

G

0.5

1

1.5

2

2.5

3

2 4 6 8 10 12

FO
NL

L/
PO

W
HE

G

0.5

1

1.5

2

2.5

3

2 4 6 8 10 12

G
M

-V
FN

S/
PO

W
HE

G

1

2

3

4

5

 (GeV)
T

p

Figure 5. Transverse-momentum distributions of muons from heavy-flavour (charm and bottom
quark) decay produced in the forward region at the LHC with

√
s = 7 TeV and compared to ALICE

data [25].

tions over the entire pT range, the PDF uncertainty being again subdominant in this central

kinematic regime. For charm decays, only the central POWHEG prediction and its upper

uncertainty band limit coincide with FONLL, the lower edge being somewhat lower. In this

case, the PDF uncertainty becomes visible and comparable to, albeit still smaller than the

scale error at larger pT . The excellent agreement among FONLL and POWHEG is indeed

quite remarkable and much better for inclusive leptons than for inclusive mesons, which

obviously depend much more on the fragmentation model than the decay leptons.

3.3 pp collisions at
√
s = 5.02 TeV

Finally, we turn to pp collisions at a centre-of-mass energy of
√
s = 5.02 TeV, relevant also

for pPb collisions, where no reference calculations are published yet. In Fig. 7 we show

new predictions for centrally produced electrons from heavy-flavour decays with POWHEG

– 14 –
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Figure 6. Transverse-momentum distributions of electrons from charm (top) and bottom (bottom)
quark decay centrally produced at the LHC with

√
s = 7 TeV and compared to ALICE data [24].

and GM-VFNS in the kinematic regime that is currently under analysis by the ALICE

collaboration, i.e. for transverse momenta from 1 GeV to 8 GeV. As before, the general

trend of good agreement within scale uncertainty bands, subdominant PDF uncertainties

and a tendency of GM-VFNS to lie above POWHEG, in particular at low pT , continues

here. As before, the GM-VFNS scale uncertainty at low pT is larger for beauty than for

charm hadrons due to the larger bottom quark mass. It will be interesting to learn if the

ALICE data in pPb also agree with both theoretical predictions as was the case for pp

reactions at higher and lower energies.

4 Conclusions

In this paper, motivated by the importance of a solid theoretical understanding of the pp

baseline for future analyses of heavy-ion collision data, we have presented an extensive
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Figure 6. Transverse-momentum distributions of electrons from charm (top) and bottom (bottom)
quark decay centrally produced at the LHC with

√
s = 7 TeV and compared to ALICE data [24].

and GM-VFNS in the kinematic regime that is currently under analysis by the ALICE

collaboration, i.e. for transverse momenta from 1 GeV to 8 GeV. As before, the general

trend of good agreement within scale uncertainty bands, subdominant PDF uncertainties

and a tendency of GM-VFNS to lie above POWHEG, in particular at low pT , continues

here. As before, the GM-VFNS scale uncertainty at low pT is larger for beauty than for

charm hadrons due to the larger bottom quark mass. It will be interesting to learn if the

ALICE data in pPb also agree with both theoretical predictions as was the case for pp

reactions at higher and lower energies.

4 Conclusions

In this paper, motivated by the importance of a solid theoretical understanding of the pp

baseline for future analyses of heavy-ion collision data, we have presented an extensive
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IV. SUMMARY

Thursday, February 19, 15



Summary 

• Discussed different theoretical approaches 
to open heavy flavor hadroproduction

• GM-VFNS, FONLL, POWHEG in good 
agreement with data within large 
uncertainties!

• GM-VFNS at low pT improved; more work 
in progress

• Need NNLO to reduce scale uncertainties!
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HARD SCATTERING COEFFICIENTS WITH HEAVY QUARK MASSES

Mass terms contained in the hard scattering coeffi cients:

dσ̂(µF , µF ′ , αs(µR), m
pT

)

Two ways to derive them:

(1) Compare massless limit of a massive fi xed-order calculation
with a massless MS calculation
to determine subtraction terms

[Kniehl,Kramer,IS,Spiesberger,PRD71(2005)014018]

OR

(2) Perform mass factorization using partonic PDFs and FFs
[Kniehl,Kramer,IS,Spiesberger,EPJC41(2005)199]

skip details
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(1) SUBTRACTION TERMS FOR THE GM-VFNS FROM MASSLESS LIMIT

• Compare limit m → 0 of the massive calculation (Merebashvili et al., Ellis,
Nason; Smith, van Neerven; Bojak, Stratmann; ...)
with massless MS calculation (Aurenche et al., Aversa et al., ...)

lim
m→0

dσ̃(m) = dσ̂MS + ∆dσ

⇒ Subtraction terms

dσsub ≡ ∆dσ = lim
m→0

dσ̃(m) − dσ̂MS

• Subtract dσsub from massive partonic cross section while keeping mass terms

dσ̂(m) = dσ̃(m) − dσsub

→ dσ̂(m) short distance coeffi cient includingm dependence
→ allows to use PDFs and FFs withMS factorization⊗ massive short distance
cross sections

• Treat contributions with charm in the initial state with m = 0
• Massless limit: technically non-trivial, map from phase-space slicing to
subtraction method
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(2) SUBTRACTION TERMS FOR THE GM-VFNS VIA MASS FACTORIZATION

Mass factorization
Subtraction terms are associated to mass singularities:
can be described by
partonic PDFs and FFs for collinear splittings a → b + X

• initial state: f (1)g→Q(x, µ2) = αs(µ)
2π P(0)

g→q(x) ln µ2

m2

f (1)Q→Q(x, µ2) = αs(µ)
2π CF

ˆ 1+z2
1−z (ln µ2

m2 − 2 ln(1− z) − 1)
˜

+

f (1)g→g(x, µ2) = −αs(µ)
2π

1
3 ln

µ2

m2 δ(1 − x)

• fi nal state: d(1)
g→Q(z, µ2) = αs (µ)

2π P(0)
g→q(z) ln µ2

m2

d(1)
Q→Q(z, µ2) = CF αs(µ)

2π
ˆ 1+z2
1−z (ln µ2

m2 − 2 ln(1− z) − 1)
˜

+

• Other partonic distribution functions are zero to order αs

[Mele, Nason; Kretzer, Schienbein; Melnikov, Mitov]
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(2) SUBTRACTION TERMS VIAMS MASS FACTORIZATION: a(k1)b(k2) → Q(p1)X [1]

Sketch of kinematics:
x1k1

k2
p1

(a)
x2

(b)

z−1

(c)

Fig. (a): dσsub(ab → QX) =

Z 1

0
dx1 f

(1)
a→i (x1, µ

2
F ) dσ̂(0)(ib → QX)[x1k1, k2, p1]

≡ f (1)a→i(x1) ⊗ dσ̂(0)(ib → QX)

Fig. (b): dσsub(ab → QX) =

Z 1

0
dx2 f

(1)
b→j (x2, µ

2
F ) dσ̂(0)(aj → QX)[k1, x2k2, p1]

≡ f (1)b→j (x2) ⊗ dσ̂(0)(aj → QX)

Fig. (c): dσsub(ab → QX) =

Z 1

0
dz dσ̂(0)(ab → kX)[k1, k2, z−1p1] d

(1)
k→Q(z, µ′

F
2)

≡ dσ̂(0)(ab → kX) ⊗ d (1)
k→Q(z)

[1] Kniehl, Kramer, I.S., Spiesberger, EPJC41(2005)199
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GRAPHICAL REPRESENTATION OF SUBTRACTION TERMS FOR gg → QQ̄g

dσ̂(0)(gg → QQ̄) ⊗ d (1)
Q→Q(z):

dσ̂(0)(gg → gg) ⊗ d (1)
g→Q(z):

f (1)g→Q(x1) ⊗ dσ̂(0)(Qg → Qg):

f (1)g→Q(x2) ⊗ dσ̂(0)(gQ → Qg):
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GRAPHICAL REPRESENTATION OF SUBTRACTION TERMS FOR qq̄ → QQ̄g AND gq → QQ̄q

dσ̂(0)(qq̄ → QQ̄) ⊗ d (1)
Q→Q(z):

dσ̂(0)(qq̄ → gg) ⊗ d (1)
g→Q(z):

dσ̂(0)(gq → gq) ⊗ d (1)
g→Q(z):

f (1)g→Q(x1) ⊗ dσ̂(0)(Qq → Qq):
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General framework D meson production DPS production of cc̄cc̄ SPS production of cc̄cc̄

Production of two cc̄ pairs in double-parton scattering

Consider two hard (parton) scatterings

c

c

p

p

c

c

Not consider so far in the literature

Luszczak, Maciula, Szczurek, arXiv:1111.3255
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General framework D meson production DPS production of cc̄cc̄ SPS production of cc̄cc̄

Formalism

Consider reaction: pp → cc̄cc̄X

Modeling double-parton scattering

Factorized form:

σDPS(pp → cc̄cc̄X) =
1

2σeff

σSPS(pp → cc̄X1) · σSPS(pp → cc̄X2).

The simple formula can be generalized to include differential

distributions

dσ

dy1dy2d2p1tdy3dy4d2p2t

=

1

2σeff

·
dσ

dy1dy2d2p1t

·
dσ

dy3dy4d2p2t

.

σeff is a model parameter (12-15 mb)
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General framework D meson production DPS production of cc̄cc̄ SPS production of cc̄cc̄

Formalism

dσDPS =
1

2σeff

Fgg(x1, x2, µ2
1 , µ2

2)Fgg(x
′
1x′2, µ2

1 , µ2
2)

dσgg→cc̄(x1, x′1, µ2
1)dσgg→cc̄(x2, x′2, µ2

2) dx1dx2dx′1dx′2 .

Fgg(x1, x2, µ2
1
, µ2

2
), Fgg(x′1x′

2
, µ2

1
, µ2

2
)

are called double parton distributions

dPDF are subjected to special evoultion equations

single scale evolution: Snigireev

double scale evolution: Ceccopieri, Gaunt-Stirling
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General framework D meson production DPS production of cc̄cc̄ SPS production of cc̄cc̄

DPS results
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  (
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t
σ
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2
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µ
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 Xc c c c → X    vs.    DPS  p p c c →SPS  p p  X    vs.c c →SPS  p p 

c c →LO:   g g 

 8.0≤| c|y
GRV94 LO

 = 15 mbeffσ
SPS

DPS

2
cc = M2

F
µ = 2

R
µ

2
c = 4m2

F
µ = 2

R
µ

2 = m2
F
µ = 2

R
µ

Inclusive cross section more difficult to calculate

σSS , 2σDS < σ inclusive
c < σSS + 2σDS
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HADROPRODUCTION OF D0,D+,D∗+,D+
s

GM-VFNS RESULTS W/ KKKSC FFS [1]

dσ/dpT (nb/GeV) p p
–
 → D0 X

GM-VFNS

√S = 1.96 TeV

-1 ≤  y ≤ 1

pT (GeV)

1

10

10 2

10 3

10 4

5 7.5 10 12.5 15 17.5 20 22.5 25

dσ/dpT (nb/GeV) p p
–
 → D+ X

GM-VFNS

√S = 1.96 TeV

-1 ≤  y ≤ 1

pT (GeV)

1
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10 2

10 3

10 4

5 7.5 10 12.5 15 17.5 20 22.5 25

dσ/dpT (nb/GeV) p p
–
 → D*+ X

GM-VFNS

√S = 1.96 TeV

-1 ≤  y ≤ 1

pT (GeV)

1

10

10 2

10 3

10 4

5 7.5 10 12.5 15 17.5 20 22.5 25

• dσ/dpT [nb/GeV] |y | ≤ 1 prompt charm

• Uncertainty band: 1/2 ≤ µR/mT , µF /mT ≤ 2 (mT =
q

p2T +m2
c )

• CDF data from run II [2]
• GM-VFNS describes data within errors

[1] Kniehl,Kramer,IS,Spiesberger, arXiv:0901.4130[hep-ph], PRD(to appear)
[2] Acosta et al., PRL91(2003)241804
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COMPARISON W/ PREVIOUS KK FFS [1]

Data/Theory p p
–
 → D0 X

GM-VFNS

√S = 1.96 TeV
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• New KKKSc FFs improve agreement w/ CDF data.

[1] Kniehl,Kramer, PRD74(2006)037502
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GM-VFNS PREDICTION VS. CDF II [1]

 [GeV]
T

p
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X
) [
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]

+
 B

→ p
(p

 
T

/d
p

σ
   

 d
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310 =1.96 TeVS
-0.6 < y < 0.6
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FFN (no FF)

=4.5 GeVb, mT=m
i

µ

• CDF II (preliminary) [1]
• µR = µF = mT

• for pT ! mb :
• GM-VFN merges w/
ZM-VFN

• FFN breaks down
• data point in bin [29,40] favors
GM-VFN

[1] Kraus, FERMILAB-THESIS-2006-47; Annovi, FERMILAB-CONF-07-509-E
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FFN VS. CDF II [1]

p p
–
 → B+ X

√S = 1.96 TeV
-1 ≤  y ≤ 1

GM-VFN
ZM-VFN
FFN (no FF)
FFN (old Input)

µi=mT, mb=4.5 GeV
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• obsolete FFN as above
• up-to-date FFN evaluated with

• CTEQ6.1M PDFs
• mb = 4.5 GeV
• Λ(5)

MS = 227 MeV! α(5)
s = 0.1181

• D(x) = B(b → B)δ(1 − x) with
B(b → B) = 39.8%

[1] Kniehl,Kramer,IS,Spiesberger,PRD77(2008)014011
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INTRINSIC CHARM IN THE PROTON
D-MESONS AT RHIC

dσ/dpT (nb/GeV) p p → D0 X

GM-VFNS
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