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Physics beyond the standard model
All documents allowed

PART I: Supersymmetry

Hints:
o ' = diag[l, —1, ~1, —1] is the (flat) space-time metric.

o gt = (I,d) , ¢" = (I, —&) with I, = diag[1, 1] and the Pauli matrices

L (01 5 (04N 4 (10
“‘(10)’““ i 07 o

e ol = o'l (Hermitian)

Trot = 0 (Traceless)
{o%, 07} = 2 69 I, (Clifford algebra)

-

[¢f,07] = 2 ic7Re* (Lie algebra)

olo? =1 {o%,07} + 1 |0}, 07] = 691, + ieP*ok




Problem 1: The supersymmetric ground state
a) Show that Tr(e#&") = U:B B = v,
b) Show that {Qa, @} 577 = 4P".
¢) Show that the operator H := PP has real and non-negative eigenvalues £ 2> 0.

d) If |0) is the ground state (vacuum state) show that

OIHI0) =0 & Q. |0)=Q;0) =0 (a,a=1,2).

Conclusion: A ground state with positive energy breaks supersymmetry spontaneously:
[H,Q.] = 0 (SUSY algebra) but Q4 |0) # 0.

Problem 2: Number of bosonic and fermionic degrees of freedom in SUSY multiplets

Recall the Casimir operators of the Poincaré algebra, P? and W? where W, is the Pauli-
Lubanski vector. Note that: [P2 Q] = [P?%, Q4] = 0 but [W?,Q.) # 0, [W?,Qq4] # 0. Thus,
irreducible {and therefore also reducible) representations of the supersymmetry algebra will
contain states with different spins. Schematically we can write

QGIB):"F):QalF)x'B):

where |B) is a bosonic and {F) a fermionic state.

Definition; (—1)"* is an operator defined such that

(-1 |B) =+ B) , (=1)"" |F) = —|F) .

a) Show that Qu(—1)"F = —(-1)NrQ,.

b) Show that T¥[(—1)VF] = 0 (for fixed non-zero F,) where the trace takes all states of
the representation/multiplet into account. (Hint: Evaluate Tr[(—1)"* {Qa, Qg}] direct-
ly and by using the right side of the corresponding supersymmetry algebra relation.)

¢) Conclude that every representation of the supersymmetry algebra contains an equal
number of bosonic and fermionic states.
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