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• Fermions acquire mass through Yukawa couplings to Higgs
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The general theoretical framework
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Special relativity (SR)

• All inertial observers see the same physics:

• same light speed c 

• Lorentz symmetries = Space-time “rotations”

• Energy-momentum relation: p = (E,p), p2 = m2 = E2 - p2 

x

µ = (t, ~x)

x

2 = ⌘µ⌫x
µ
x

⌫ = x

µ
xµ = invariant

⌘µ⌫ = diag(1,�1,�1,�1)
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Special relativity (SR)

• Lorentz group O(1,3) = {Λ | ΛT η Λ = η}

• Proper Lorentz group SO(1,3) = {Λ | ΛT η Λ = η, det Λ = 1}

• Proper orthochronous Lorentz group SO+(1,3): Λ00 ≥ 1
Called the Lorentz group in the following

• Poincaré group = Inhomogeneous Lorenz group = ISO+(1,3)

SO+(1,3) and space-time Translations
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Quantum Mechanics (QM)

• Determinism is not fundamental: 

• Nature is random → probability rules 

• The vacuum is not void, it fluctuates!

• Classical physics emerges from constructive interference of probability 
amplitudes:
Feynman’s path integral:

A =

R
[dq] exp(iS[q(t), q̇(t)])

a rational for the least action principle

�x

µ ⇥�p⌫ � (~/2)�µ⌫
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Quantum Field Theory (QFT)

• The general theoretical framework in particle physics is 
Quantum Field Theory

• Weinberg I:  

QFT is the only way to reconcile quantum mechanics with special 
relativity

“QFT = QM + SR”
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Quantum Field Theory (QFT)

• QM: It’s the same quantum mechanics as we know it!

• SR: 

• Relativistic wave equations are not sufficient!
We need to change number and types of particles in 
particle reactions

• Need fields and quantize them (“quantum fields”) 

Particles = Excitations (quanta) of fields

Wednesday 14 September 16



Symmetries I
(Lie groups, Lie algebras)
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A group (G,�) is a set of elements G together with an operation

� : G⇥G ! G which satifies the following axioms:

• Associativity: 8a, b, c 2 G : (a� b)� c = a� (b� c)

• Neutral element: 9e 2 G : 8a 2 G : e� a = a� e = a

• Inverse element: 8a 2 G : 9a�1 2 G : a�1 � a = a� a�1
= e

The group is called commutative or Abelian if also the following axiom

is satisfied:

• Commutativity: 8a.b 2 G : a� b = b� a

Symmetries are described by Groups

Wednesday 14 September 16



A Lie group is a group with the property that it

depends di↵erentiably on the parameters that define it.

• The number of (essential) parameters is called the

dimension of the group.

• Choose the parametrization such that g(~0) = e.

R(�) =

0

@
cos� � sin� 0

sin� cos� 0

0 0 1

1

A

Example:
Rotation R(�) 2 SO(3) by an angle � around the z-axis:

Lie groups (simplified)

Wednesday 14 September 16



A Lie group is a group with the property that it

depends di↵erentiably on the parameters that define it.

• The number of (essential) parameters is called the

dimension of the group.

• Choose the parametrization such that g(~0) = e.

R(�) =

0

@
cos� � sin� 0

sin� cos� 0

0 0 1

1

A

Example:
Rotation R(�) 2 SO(3) by an angle � around the z-axis:

Lie groups (simplified)

Wednesday 14 September 16



A Lie group is a group with the property that it

depends di↵erentiably on the parameters that define it.

• The number of (essential) parameters is called the

dimension of the group.

• Choose the parametrization such that g(~0) = e.

R(�) =

0

@
cos� � sin� 0

sin� cos� 0

0 0 1

1

A

Example:
Rotation R(�) 2 SO(3) by an angle � around the z-axis:

Lie groups (simplified)

Wednesday 14 September 16



Be D(~↵) an element of a n-dimensional Lie-group G, ~↵ = (↵1, . . . ,↵n).

We can do a Taylor expansion around ~↵ =

~
0 with D(

~
0) = e:

D(~↵) = D(

~
0) +

X

a

@

@↵a
D(~↵)|~↵=0↵a + . . .

= e+ i
X

a

↵aT
a
+ . . .

The T a
(a = 1, . . . , n) are the generators of the Lie group:

T a
:= �i


@

@↵a
D(~↵)

�

|~↵=0

The group element for general ~↵ can be recovered

by exponentiation:

D(~↵) = lim

k!1
(e+

X

a

i↵aT a

k
)

k
= ei

P
a ↵aT

a

Generators of a Lie group
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• The generators Ta form a basis of a Lie algebra

• [Ta,Tb] = i fabc Tc  (Einstein convention)

• The fabc are called structure constants

• Any group element connected to the neutral element
can be generated using the generators:

g = exp(i ca Ta)  (Einstein convention)

Lie algebra

Def.: A Lie algebra g is a vector space together with a
skew-symmetric bilinear map [ , ]: g x g → g 
(called the Lie bracket) which satisfies the Jacobi identity 
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R(�) =

0

@
cos� � sin� 0

sin� cos� 0

0 0 1

1

A

Example:
Rotation R(�) 2 SO(3) by an angle � around the z-axis:

Rank

• Rank = Number of simultanesouly diagonalizable generators

• Rank = Number of good quantum numbers

• Rank = Dimension of the Cartan subalgebra
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Symmetries II
(Representations)
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R(�) =

0

@
cos� � sin� 0

sin� cos� 0

0 0 1

1

A

Example:
Rotation R(�) 2 SO(3) by an angle � around the z-axis:

Representations of a group

• Def.: A linear representation of a group G on a vector space V
is a group homomorphism D:G→GL(V).

• Remarks:

• g ↦ D(g), where D(g) is a linear operator acting on V

• The operators D(g) preserve the group structure:
D(g1 g2) = D(g1) D(g2), D(e) = identity operator

• V is called the base space, dim V = dimension of the representation

Wednesday 14 September 16



R(�) =

0

@
cos� � sin� 0

sin� cos� 0

0 0 1

1

A

Example:
Rotation R(�) 2 SO(3) by an angle � around the z-axis:

Representations of a group

• A representation (D,V) is reducible if a non-trivial subspace 
U⊂V exists which is invariant with respect to D: 

∀g∈G: ∀u∈U: D(g)u∈U

• A representation (D,V) is irreducible if it is not reducible

• A representation (D,V) is completely reducible if all D(g) can 
be written in block diagonal form (with suitable base choice)
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R(�) =

0

@
cos� � sin� 0

sin� cos� 0

0 0 1

1

A

Example:
Rotation R(�) 2 SO(3) by an angle � around the z-axis:

Representations of a Lie algebra

• Def.: A linear representation of a Lie algebra A on a vector space V
is an algebra homomorphism D:A→End(V).

• Remarks:

• t ↦ T=D(t), where T is a linear operator acting on V

• The operators D(t) preserve the algebra structure:
[ta,tb]=i fabc tc → [Ta,Tb]=i fabc Tc

• A representation for the Lie algebra induces a representation for 
the Lie group
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R(�) =

0

@
cos� � sin� 0

sin� cos� 0

0 0 1

1

A

Example:
Rotation R(�) 2 SO(3) by an angle � around the z-axis:

Tensor product

Composite systems are described mathematically by the tensor 
product of representations

• Tensor products of irreps are in general reducible!

• They are a direct sum of irreps: Clebsch-Gordan decomposition

• Examples: 

• System of two spin-1/2 electrons

• Mesons: quark-anti-quark systems, Baryons: systems of three quarks

Wednesday 14 September 16



Symmetries III
(Space-time symmetries)
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• The minimal symmetry of a (relativistic) QFT is the Poincaré symmetry 

• Observables should not change under Poincaré transformations of

• Space-time coordinates x = (t,x)

• Fields ϕ(x)

• States of the Hilbert space |p, ...⟩

• Need to know how the group elements are represented as operators 
acting on these objects (space-time, fields, states)

• At the classical level Poincaré invariant Lagrangians is all we need

Space-time symmetry
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• Poincaré group = Lorentz group SO+(1,3) + Translations

• Lorentz group has 6 generators: Jμν = - Jνμ 

Lorentz algebra: [Jμν , Jρσ]= -i (ημρ Jνσ - ημσ Jνρ - [μ ↔︎ ν])

• Poincaré group has 10=6+4 generators: Jμν , Pμ

Poincaré algebra: 
[Pμ,Pν]=0,[Jμν,Pλ]=i(ηνλ Pμ - ημλ Pν),Lorentz algebra

Poincaré algebra I
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• Poincaré group has 10=6+4 generators: Jμν , Pμ

• 3 Rotations → angular momentum Ji=1/2 εijk Jjk 

[Ji,Jj] = i εijk Jk

• 3 Boosts → Ki = J0i 
[Ki,Kj] = -i εijk Jk ;  [Ji,Kj] = i εijk Kk

• 4 Translations → energy/momentum Pμ
[Ji,Pj] = i εijk Pk , [Ki,Pj] = -i δij P0 , [P0,Ji] = 0 , [P0,Ki] = i Pi

Poincaré algebra II
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• All physical quantities can be classified according to their 
transformation properties under the Lorentz group

• Representations characterized by two invariants: 
mass, spin (Casimir operators P2, W2)

• Physical particles are irreps of the Poincaré group:

ϕ = scalar,    Vμ = vector,    Tμν = tensor, ...    

Tensor representations of so(1,3)
(integer spin)

s=0 s=1 s=2
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• so(1,3) ~ sl(2,C) ~ su(2)L x su(2)R 

Jm+ := Jm + i Km , Jm- := Jm - i Km: [Jm+ , Jn- ] = 0, [Ji+,Jj+] = i εijk Jk+, [Ji-,Jj-] = i εijk Jk-

• su(2)L,R  labelled by jL,R = 0, 1/2, 1, 3/2, 2, ...

• (jL, jR) = (0,0) scalar 

• (1/2,0) left-handed Weyl spinor; (0,1/2) right-handed Weyl spinor

• (1/2,1/2) vector

• Dirac spinor = (1/2,0) + (0,1/2) is reducible (not fundamental)
Note: (1/2,0) and (0,1/2) can have different interactions

• Majorana spinor = (1/2,0) + (0,1/2)c for neutral fermions only

Spinor representations of so(1,3)
(half integer spin)
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• A field ϕ(x) is a function of the coordinates

• Lorentz transformation: xμ→x’μ = Λμν xν, ϕ→ϕ’

• Scalar field: ϕ’(x’) = ϕ(x)

At the same time ϕ’(x’) = exp(i 1/2 ωμν Jμν) ϕ(x)

Comparison allows to find a concrete expression for Jμν:
Jμν = Lμν + Sμν  with Sμν=0,  Lμν  = xμ Pν - xν Pμ where Pμ = i ∂μ

• Similar procedure for Weyl, Dirac, Vector fields, ...
and for the full Poincaré group

Representation of so(1,3) on fields
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Symmetries IV
(Unitary symmetries)
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• Coleman-Mandula theorem:

The most general symmetry of a relativistic QFT: 

Space-time symmetry x Internal symmetry (direct product)

• Algebra: direct sum space-time generators and internal symmetry generators

• 3 rotations

• 3 boosts

• 4 translations

• generators  Ta of internal symmetry

Internal symmetries

Wednesday 14 September 16



R(�) =

0

@
cos� � sin� 0

sin� cos� 0

0 0 1

1

A

Example:
Rotation R(�) 2 SO(3) by an angle � around the z-axis:

SU(n)

• Group: SU(n) = {U ∈ Mn(C) | U† U = 1n, det U = 1} 

• Algebra: su(n) = {t ∈ Mn(C) | tr(t) = 0, t† = t} 

• dim SU(n) = dim su(n) = n2-1

• rank su(n) = n-1

• Important representations (D,V):

• The fundamental representation: n (V is an n-dimensional vector space)

• The anti-fundamental representation: n*

• The adjoint representation: V = su(n), dimension of adjoint representation = n2-1
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R(�) =
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A

Example:
Rotation R(�) 2 SO(3) by an angle � around the z-axis:

SU(2)

• dim SU(2) = dim su(2) = 22-1 = 3

• rank su(2) = 2-1 = 1

• Algebra: [tk,tl]=i εklm tm

• The fundamental representation: 2
Ti = 1/2 σi  (i=1,2,3), σi Pauli matrices

• irreps:  Basis states |j,jz >,  j=0,1/2,1,3/2,2,... ; jz=-j, -j+1, ..., j-1,j
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R(�) =

0

@
cos� � sin� 0

sin� cos� 0

0 0 1

1

A

Example:
Rotation R(�) 2 SO(3) by an angle � around the z-axis:

SU(3)

• dim SU(3) = dim su(3) = 32-1 = 8

• rank su(3) = 3-1 = 2

• Algebra: [ta,tb]=i fabc tc 

• The fundamental representation: 3
Ti = 1/2 λi  (i=1,2,3), λi Gell-Mann matrices

• The structure constants can be calculated using the generators in the 
fundamental irrep: fabc =-2i Tr([Ta,Tb]Tc)

• irreps:  labeled by 2 integer numbers (rank = 2)
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• Group

• discrete, continuous, Abelian, non-Abelian

• subgroup = subset which is a group

• invariant subgroup = normal subgroup

• simple group = has no proper invariant subgroups 

• Lie group: continuous group which depends differentiably on its parameters

• dimension = number of essential parameters 

• Lie algebra 

• generators = basis of the Lie algebra; elements of the tangent space TeG

• dimension = number of linearly independent generators

• structure constants = specifiy the algebra (basis dependent)

• subalgebra = subset which is an algebra

• ideal = invariant subalgebra

• simple algebra = has no proper ideals (smallest building block; irreducible)

• semi-simple algebra = direct sum of simple algebras

Glossary of Group Theory: I. Basics
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• Representations

• of groups

• of algebras

• equivalent, unitary, reducible, entirely reducible

• irreducible representations (irreps)

• fundamental representation

• adjoint representation

• Direct sum of two representations

• Tensor product of two representations

• Clebsch-Gordan decomposition

• Clebsch-Gordan coefficients

• Quadratic Casimir operator

• Dynkin index

Glossary of Group Theory: II. Representations
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• Cartan-Weyl analysis of simple Lie algebras: G = H ⊕ E

• H = Cartan subalgebra = maximal Abelian subalgebra of G

• rank G = dimension of Cartan subalgebra = number of 
simultaneously diagonalisable operators 

• E = space of ladder operators  

• Root vector  (labels the ladder operators)

• positive roots  = if first non-zero component positive 
(basis dependent)

• simple roots = positive root which is not a linear combination 
of other positive roots with positive coefficients

• Weight vector (quantum numbers of the physical states)

• heighest weight

Glossary of Group Theory: III. Cartan-Weyl
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• Dynkin diagrams 

• complete classification of all simple Lie algebras by Dynkin

• Dynkin diagrams ↔︎ simple roots → roots → ladder operators

• Dynkin diagrams ↔︎ simple roots → roots → geometrical interpretation of 
commutation relations

• Cartan matrix

• Simple Lie algebra ↔ root system ↔︎ simple roots ↔︎ Dynkin diagrams ↔︎ 
Cartan matrix

• Dynkin lables (of a weight vector)

• Dynkin diagrams + Dynkin labels ⇒ recover whole algebra structure

• analysis of any irrep of any simple Lie algebra (non-trivial in other notations)

• tensor products

• subgroup structure, branching rules

Glossary of Group Theory: IV. Dynkin
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Groups and the Standard Model of particle 
physics
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• Introduce Fields & Symmetries

• Construct a local Lagrangian density

• Describe Observables

• How to measure them?

• How to calculate them? 

• Falsify: Compare theory with data

The general procedure
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Fields & Symmetries
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Matter content of the Standard Model
(including the antiparticles)2.2 Filling in the Details

2.2.1 The Particle Content

Matter Higgs Gauge

Q =

0

B

@

uL

dL

1

C

A

(3,2)
1/3 L =

0

B

@

⌫L

eL

1

C

A

(1,2)
-1

H =

0

B

@

h+

h0

1

C

A

(1,2)
1

A (1,1)
0

uc
R (3,1)

-4/3 ecR (1,1)
2

W (1,3)
0

dcR (3,1)
2/3 ⌫c

R (1,1)
0

G (8,1)
0

Qc =

0

B

@

uc
L

dcL

1

C

A

(3,2)
-1/3 Lc =

0

B

@

⌫c
L

ecL

1

C

A

(1,2)
1

H =

0

B

@

h�

h0

1

C

A

(1,2)�1

A (1,1)
0

uR (3,1)
4/3 eR (1,1)

-2

W (1,3)
0

dR (3,1)
-2/3 ⌫R (1,1)

0

G (8,1)
0

Nota bene:

• Since the SM is chiral, we work with 2-component Weyl spinors.

• Chiral means that the left-handed and the right-handed particles transform di↵er-
ently under the gauge group: E.g. uL ⇠ (3,2)

1/3 and uR ⇠ (3,1)
4/3

• For every particle, there is an anti-particle which is usually not explicitly listed.

• Note that uc
R is the charge conjugate of a right-handed particle and as such trans-

forms as a left-handed particle. More precisely, one should write (uR)c. Some other
common notation: uc

L (for (uc)L), u or simply u or U .

• The reason why we list e.g. uc
R instead of uR is that we want to use only left-handed

particles (important later for SUSY).

• The doublet structure of e.g. Q =

✓

uL

dL

◆

indicates how it transforms under SU(2)L.

It has absolutely nothing to do with Dirac spinors.

• The right-handed neutrino ⌫R is a hypothetical particle whose existence has not
been established.

4
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• Left-handed up quark uL:

• LH Weyl fermion: uLα~(1/2,0) of so(1,3)

• a color triplet: uLi~3 of SU(3)c

• Indices: (uL)iα with i=1,2,3 and α=1,2 

• Similarly, left-handed down quark dL

• uL and dL components of a SU(2)L doublet: Qβ = (uL , dL) ~ 2

• Q carries a hypercharge 1/3: Q ~ (3,2)1/3 of SU(3)c x SU(2)L x U(1)Y

• Indices: Qβiα with β=1,2 ; i=1,2,3 and α=1,2 

Matter content of the Standard Model
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• There are three generations: Qk , k =1,2,3

• Lot’s of indices: Qkβiα(x)

• We know how the indices β,i,α transform under 
symmetry operations (i.e., which representations we have 
to use for the generators)

Matter content of the Standard Model
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• Right-handed up quark uR:

• RH Weyl fermion: uRα.~(0,1/2) of so(1,3) 

• a color triplet: uRi~3 of SU(3)c

• a singlet of SU(2)L: uR~1 (no index needed)

• uR carries hypercharge 4/3: uR ~ (3,1)4/3

• Indices: (uR)iα. with i=1,2,3 and α.=1,2 (Note the dot)

• Note that uRc ~ (3*,1)-4/3

Matter content of the Standard Model
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• Again there are three generations: uRk , k =1,2,3

• Lot’s of indices: uRkiα.(x)

• And so on for the other fields ...

Matter content of the Standard Model
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Terms for the Lagrangian
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How to build Lorentz scalars?
Scalar field (like the Higgs)

• In SU(2), the representations 2 and 2 are equivalent, but not identical/equal/same!
If one wants to replace 2 by 2, one needs some extra work.

Homework 2.1 Let � be a left-handed Weyl spinor. Show that ⌘ := i�
2

�⇤ transforms
as a right-handed Weyl-spinor. Here, �

2

is the second Pauli matrix.

Hint: Since � is left-handed, it will transform under the Lorentz group as � ! ⇤L�. You
need to show that ⌘ transforms under the Lorentz group as a right-handed Weyl spinor,
i.e. ⌘ ! ⇤R⌘. You can find the explicit form of ⇤L and ⇤R in Maggiore, but for this
homework just use the identity �

2

⇤⇤
L�2

= ⇤R.

2.2.2 How to build a Lorentz scalar

Scalars: Spin 0

Real field �

1

2
@µ�@

µ�� 1

2
m2�2 (2.1)

Complex field � = 1p
2

('
1

+ i'
2

)

@µ�
⇤@µ��m2�⇤� (2.2)

Note that Eq. (2.2) has a U(1) symmetry. If � ! ei↵�, we have:

@µ�
⇤@µ��m2�⇤� ! @µ(e

i↵�)⇤@µ(ei↵�)�m2(ei↵�)⇤(ei↵�) = @µ�
⇤@µ��m2�⇤�

Complex (Higgs!) doublet � =

✓

�
1

�
2

◆

=

✓

'
1

+ i'
2

'
3

+ i'
4

◆

@µ�
†@µ��m2�†� (2.3)

Note that Eq. (2.3) is invariant under SU(2). If � ! ei(↵1�1+↵2�2+↵3�3)�, where ↵i 2 R
are arbitrary real numbers and �

1

, �
2

, �
3

are the Pauli matrices, then:

@µ�
†@µ��m2�†� ! @µ(e

i↵k�k�)†@µ(ei↵i�i�)�m2(ei↵k�k�)†(ei↵i�i�)

= @µ
⇥

�†(ei↵k�k)†
⇤

@µ(ei↵i�i�)�m2(�†(ei↵k�k)†)(ei↵i�i�)
�

�

�

(AB)† = B†A†

= @µ�
† ⇥(ei↵k�k)†ei↵i�i

⇤

@µ��m2

⇥

�†(ei↵k�k)†ei↵i�i
⇤

�

= @µ�
†
h

(e�i↵k�
†
k)ei↵i�i

i

@µ��m2

h

�†(e�i↵k�
†
kei↵i�i

i

�

= @µ�
† ⇥(e�i↵k�k)ei↵i�i

⇤

@µ��m2

⇥

�†(e�i↵k�kei↵i�i
⇤

�
�

�

�

�†
i = �i

= @µ�
†@µ��m2�

�

�

�

eAeB = eA+Be
1
2 [A,B]  eAe�A = 1

5

Note: The mass dimension 
of each term in the 
Lagrangian has to be 4!
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How to build Lorentz scalars?
Fermions (spin 1/2)

Fermions: Spin 1/2

Left-handed Weyl spinor

i †
L�

µ@µ L (2.4)

Right-handed Weyl spinor

i †
R�

µ@µ R (2.5)

Mass term mixes left and right

i †
L�

µ@µ L + i †
R�

µ@µ R �m( †
L R +  †

R L) (2.6)

This will be of paramount importance later in the SM, so do not forget this point!

Dirac spinor in chiral basis

 =

✓

 L

 R

◆

(2.7)

We can now rewrite Eq. (2.8) (into the familiar form) as

i �µ@µ �m  with  =  †�0 and �µ =

✓

0 �µ

�µ 0

◆

(2.8)

Note that it is more “natural” to write down the SM with Weyl spinors, because

• weak interactions distinguish between left- and right-handed particles,

• (the need for) the Higgs mechanism is easier to understand,

• Weyl spinors are the basic “building blocks” (smallest irreps of Lorentz group).

Vector Bosons: Spin 1

U(1) gauge boson (“Photon”)

�1

4
Fµ⌫F

µ⌫ +
1

2
m2AµA

µ where Fµ⌫ = @µA⌫ � @⌫Aµ (2.9)

Mass term in SM forbidden by gauge symmetry, but in principle allowed (e.g. by Lorentz
invariant)

In principle, there is a second invariant

�1

4
Fµ⌫

eF µ⌫ with eFµ⌫ =
1

2
✏µ⌫⇢�F⇢� (2.10)

6

�µ = (1,�i)

�̄µ = (1,��i)
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i †
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�1

4
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1

2
m2AµA

µ where Fµ⌫ = @µA⌫ � @⌫Aµ (2.9)
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invariant)

In principle, there is a second invariant

�1

4
Fµ⌫

eF µ⌫ with eFµ⌫ =
1

2
✏µ⌫⇢�F⇢� (2.10)
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Fermions: Spin 1/2

Left-handed Weyl spinor

i †
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How to build Lorentz scalars?
Vector boson (spin 1)

Fermions: Spin 1/2

Left-handed Weyl spinor

i †
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Right-handed Weyl spinor

i †
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Mass term mixes left and right
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4
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invariant)
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�1

4
Fµ⌫

eF µ⌫ with eFµ⌫ =
1

2
✏µ⌫⇢�F⇢� (2.10)
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Mass term allowed by Lorentz invariance;
forbidden by gauge invariance

Fermions: Spin 1/2

Left-handed Weyl spinor

i †
L�

µ@µ L (2.4)

Right-handed Weyl spinor

i †
R�

µ@µ R (2.5)

Mass term mixes left and right

i †
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µ@µ L + i †
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µ@µ R �m( †
L R +  †

R L) (2.6)
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Note that it is more “natural” to write down the SM with Weyl spinors, because

• weak interactions distinguish between left- and right-handed particles,

• (the need for) the Higgs mechanism is easier to understand,

• Weyl spinors are the basic “building blocks” (smallest irreps of Lorentz group).

Vector Bosons: Spin 1

U(1) gauge boson (“Photon”)

�1

4
Fµ⌫F

µ⌫ +
1

2
m2AµA

µ where Fµ⌫ = @µA⌫ � @⌫Aµ (2.9)

Mass term in SM forbidden by gauge symmetry, but in principle allowed (e.g. by Lorentz
invariant)

In principle, there is a second invariant

�1

4
Fµ⌫

eF µ⌫ with eFµ⌫ =
1

2
✏µ⌫⇢�F⇢� (2.10)
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FF̃ / ~E · ~B
Violates Parity, Time reversal, and CP 
symmetry; prop. to a total divergence 
→ doesn’t contribute in QED

BUT strong CP problem in QCD
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• Idea: Generate interactions from free Lagrangian by 
imposing local (i.e. α = α(x)) symmetries

• Does not fall from heavens; generalization of ‘minimal 
coupling’ in electrodynamics

• Final judge is experiment: It works!

Gauge symmetry
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Local gauge invariance
for a complex scalar field

Relevant for SU(3)  strong CP problem (also present in SM but suppressed)

Kinetic mixing, if there are two Abelian gauge groups, U(1)A and U(1)B

�1

4
FAµ⌫F

µ⌫
A � 1

4
FBµ⌫F

µ⌫
B � 1

4
FAµ⌫F

µ⌫
B (2.11)

SU(2) gauge bosons will be discussed after the concept of covariant derivative has been
introduced.

2.2.3 Gauge Symmetries

Idea: Generate dynamics (i.e. interactions) from free Lagrangian by imposing local
(i.e. now ↵ = ↵(x)) symmetries.

Does not fall from heavens; generalization of “minimal coupling” in electrodynam-
ics/quantum mechanics.

Final judge is experiment: It works!

Local Gauge Invariance for Complex Scalar Field

Recall Lagrangian in Eq. (2.2)

@µ�
⇤@µ��m2�⇤� (2.12)

On page 5 we had shown that Eq. (2.12) is invariant under � ! ei↵�. What if now
↵ = ↵(x), i.e. it depends on spacetime?

@µ(e
i↵(x)�)⇤@µ(ei↵(x)�)�m2(ei↵(x)�)⇤(ei↵(x)�)

= [@µe
i↵(x) · �+ ei↵(x) · @µ�]⇤[@µei↵(x) · �+ ei↵(x) · @µ�]�m2�⇤�

= [iei↵(x)@µ↵(x) · �+ ei↵(x) · @µ�]⇤[iei↵(x)@µ↵(x) · �+ ei↵(x) · @µ�]�m2�⇤�

= [�ie�i↵(x)@µ↵(x) · �⇤ + e�i↵(x) · @µ�⇤][iei↵(x)@µ↵(x) · �+ ei↵(x) · @µ�]�m2�⇤�

= �ie�i↵(x)@µ↵(x) · �⇤ · iei↵(x)@µ↵(x) · �
� ie�i↵(x)@µ↵(x) · �⇤ · ei↵(x) · @µ�

+ e�i↵(x) · @µ�⇤ · iei↵(x)@µ↵(x) · �
+ e�i↵(x) · @µ�⇤ · ei↵(x) · @µ�

�m2�⇤�

= @µ� · @µ��m2�⇤�+ non-zero terms
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Kinetic mixing, if there are two Abelian gauge groups, U(1)A and U(1)B
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� ie�i↵(x)@µ↵(x) · �⇤ · ei↵(x) · @µ�

+ e�i↵(x) · @µ�⇤ · iei↵(x)@µ↵(x) · �
+ e�i↵(x) · @µ�⇤ · ei↵(x) · @µ�

�m2�⇤�

= @µ� · @µ��m2�⇤�+ non-zero terms
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What if now α = α(x) depends on the space-time?

Relevant for SU(3)  strong CP problem (also present in SM but suppressed)

Kinetic mixing, if there are two Abelian gauge groups, U(1)A and U(1)B

�1

4
FAµ⌫F

µ⌫
A � 1

4
FBµ⌫F

µ⌫
B � 1

4
FAµ⌫F

µ⌫
B (2.11)

SU(2) gauge bosons will be discussed after the concept of covariant derivative has been
introduced.

2.2.3 Gauge Symmetries

Idea: Generate dynamics (i.e. interactions) from free Lagrangian by imposing local
(i.e. now ↵ = ↵(x)) symmetries.

Does not fall from heavens; generalization of “minimal coupling” in electrodynam-
ics/quantum mechanics.

Final judge is experiment: It works!

Local Gauge Invariance for Complex Scalar Field

Recall Lagrangian in Eq. (2.2)

@µ�
⇤@µ��m2�⇤� (2.12)

On page 5 we had shown that Eq. (2.12) is invariant under � ! ei↵�. What if now
↵ = ↵(x), i.e. it depends on spacetime?

@µ(e
i↵(x)�)⇤@µ(ei↵(x)�)�m2(ei↵(x)�)⇤(ei↵(x)�)

= [@µe
i↵(x) · �+ ei↵(x) · @µ�]⇤[@µei↵(x) · �+ ei↵(x) · @µ�]�m2�⇤�

= [iei↵(x)@µ↵(x) · �+ ei↵(x) · @µ�]⇤[iei↵(x)@µ↵(x) · �+ ei↵(x) · @µ�]�m2�⇤�

= [�ie�i↵(x)@µ↵(x) · �⇤ + e�i↵(x) · @µ�⇤][iei↵(x)@µ↵(x) · �+ ei↵(x) · @µ�]�m2�⇤�

= �ie�i↵(x)@µ↵(x) · �⇤ · iei↵(x)@µ↵(x) · �
� ie�i↵(x)@µ↵(x) · �⇤ · ei↵(x) · @µ�

+ e�i↵(x) · @µ�⇤ · iei↵(x)@µ↵(x) · �
+ e�i↵(x) · @µ�⇤ · ei↵(x) · @µ�

�m2�⇤�

= @µ� · @µ��m2�⇤�+ non-zero terms

7

Not invariant under U(1)!
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Local gauge invariance
for a complex scalar field

Can we find a derivative operator that commutes with the gauge transformation?

Not invariant under U(1)! The reason why it worked before was that @µ[ei↵·] = ei↵@µ[·].
Can we find a derivative operator that commutes with the gauge transformation?

Dµ[e
i↵(x)·] = ei↵(x)Dµ[·] (2.13)

Define

Dµ = @µ + iAµ, (2.14)

where the gauge field Aµ transforms as

Aµ ! Aµ � @µ↵ (2.15)

under the gauge transformation. Now we can try again. Is

Dµ�
⇤Dµ��m2�⇤� (2.16)

invariant under � ! ei↵(x)�? We could repeat the previous calculation, but it is more
instructive to take a short-cut and prove Eq. (2.13) instead. The reason is that this will
also generalize to the non-Abelian case.

Dµ� ! (@µ + i[Aµ � @µ↵(x)])[e
i↵(x)�]

= @µ[e
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Local gauge invariance
for a complex scalar field
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Local gauge invariance
for a complex scalar field
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• Demand symmetry ! Generate interactions

• Generated mass for gauge boson (after � acquires a vacuum expectation value)

• Explicit mass term forbidden by gauge symmetry (although otherwise allowed):

m2AµA
µ ! m2(Aµ � @µ↵)(Aµ � @µ↵) 6= m2AµA

µ (2.20)

• Simplest form of Higgs mechanism

• Vector-scalar-scalar interaction

Homework 2.2 Define the covariant derivative

Dµ = @µ + igAa
µT

a
R (2.21)

where g is the gauge coupling and T a
R are the representation matrices of the Lie algebra

elements T a (the subscript R reminds us that we are working in a given representation).
Under a gauge transformation

U = ei↵
a
(x)Ta

R (2.22)

the field � transforms as

� ! U� (2.23)

and we define

Aµ ! UAµU
† � i

g
(@µU)U †. (2.24)

Note that U is a matrix and depends on the representation of the Lie algebra in which
� transforms (choice of T a

R in Eq. (2.22)). Show that

Dµ� ! UDµ�, (2.25)

i.e. Dµ� transforms covariantly.

Adding the Gauge Fields

Recall the gauge invariant Lagrangian for a complex scalar field from Eq. (2.16):

Dµ�
⇤Dµ��m2�⇤� (2.26)

When defining the covariant derivative, we were led to introduce gauge field Aa
µ. Since

these fields are now present in the theory, we need to introduce kinetic terms for them

9

Expanding the Lagrangian
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Local gauge invariance
for a complex scalar field

Non-Abelian gauge symmetry

(note that mass terms are forbidden by gauge invariance, see Eq. (2.20) on the preceding
page and Eq. (2.9) on page 6):

Dµ�
⇤Dµ��m2�⇤�� 1

4
F µ⌫Fµ⌫ (2.27)

Consider first the case of a U(1) gauge field:

Fµ⌫ = @µA⌫ � @⌫Aµ (2.28)

It is easy to prove that this term is gauge invariant:

Fµ⌫ = @µA⌫ � @⌫Aµ ! @µ(A⌫ � @⌫↵(x))� @⌫(Aµ � @µ↵(x))

= @µA⌫ � @µ@⌫↵(x)� @⌫Aµ � @⌫@µ↵(x)

= @µA⌫ � @⌫Aµ

(2.29)

For the non-Abelian case (e.g. SU(2)), the situation is more complicated, and we need
to amend the definition of Fµ⌫ to make the product Fµ⌫F

µ⌫ gauge invariant. Here is a
short overview of the di↵erences between the abelian and non-abelian case:

Abelian Non-Abelian: component notation Non-Abelian: vector notation

U = ei↵(x) U = ei↵
a
(x)Ta

R U = ei↵
a
(x)Ta

R

� ! U� �i ! U i
k�

k � ! U�

Aµ Aa
µT

a
R Aµ

Aµ ! Aµ � @µ↵ Aa
µT

a ! UAa
µT

aU † � i
g
(@µU)U †

Aµ ! UAµU
† � i

g
(@µU)U †

Fµ⌫ := @µA⌫ � @⌫Aµ F a
µ⌫ := @µA

a
⌫ � @⌫A

a
µ � gfabcAb

µA
c
⌫ F µ⌫ := @µA⌫ � @⌫Aµ + ig[Aµ,A⌫ ]

Fµ⌫ ! Fµ⌫ F µ⌫ ! UF µ⌫U
†

Fµ⌫ invariant F a
µ⌫F

aµ⌫ invariant Tr(F µ⌫F
µ⌫) invariant

Homework 2.3 Prove that

1

2
Tr(F µ⌫F

µ⌫) =
1

4
F a
µ⌫F

aµ⌫ . (2.30)

Hint: Tr(T aT b) = 1

2

�ab.
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• All fundamental internal symmetries are gauge symmetries. 

• Global symmetries are just “accidental” and not exact.

Conjecture
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Spontaneous Symmetry Breaking
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• The Higgs potential: V =μ2 ϕ†ϕ + λ (ϕ†ϕ)2

• Vacuum = Ground state = Minimum of V:

• If μ2>0 (massive particle): ϕmin = 0 (no symmetry breaking)

• If μ2<0: ϕmin = ±v = ±(-μ2/λ)1/2

These two minima in one dimension correspond to a continuum of minimum values 
in SU(2).
The point ϕ = 0 is now instable.

• Choosing the minimum (e.g. at +v) gives the vacuum a preferred direction in isospin 
space → spontaneous symmetry breaking

• Perform perturbation around the minimum

The Higgs mechanism
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Higgs self-couplings
In the SM, the Higgs self-couplings are a consequence of the Higgs potential after expansion of the 
Higgs field H~(1,2)1 around the vacuum expectation value which breaks the ew symmetry:

with:

VH = µ2H†H + ⌘(H†H)2 ! 1

2
m2

hh
2 +

r
⌘

2
mhh

3 +
⌘

4
h4

m2
h = 2⌘v2 , v2 = �µ2/⌘ Note: v=246 GeV is fixed by the 

precision measures of GF

In order to completely reconstruct the 
Higgs potential, on has to:

• Measure the 3h-vertex:
 via a measurement of Higgs pair production

• Measure the 4h-vertex:
more difficult, not accessible at the LHC in the high-lumi phase

h
h

h

h

h

h

h

�SM
3h =

r
⌘

2
mh
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One page summary of the world

Gauge group

Particle 
content

Lagrangian
(Lorentz + gauge + 
renormalizable)

SSB

2 The Standard Model

2.1 One-page Summary of the World

Gauge group

SU(3)c ⇥ SU(2)L ⇥ U(1)Y

Particle content

Matter Higgs Gauge

Q =

0

B

@

uL

dL

1

C

A

(3,2)
1/3 L =

0

B

@

⌫L

eL

1

C

A

(1,2)
-1

H =

0

B

@

h+

h0

1

C

A

(1,2)
1

A (1,1)
0

uc
R (3,1)

-4/3 ecR (1,1)
2

W (1,3)
0

dcR (3,1)
2/3 ⌫c

R (1,1)
0

G (8,1)
0

Lagrangian (Lorentz + gauge + renormalizable)

L = �1

4
G↵

µ⌫G
↵µ⌫+. . . Qk /DQk+. . . (DµH)†(DµH)�µ2H†H� �

4!
(H†H)2+. . . Yk`QkH(uR)`

Spontaneous symmetry breaking

• H ! H 0 + 1p
2

✓

0
v

◆

• SU(2)L ⇥ U(1)Y ! U(1)Q

• A,W 3 ! �, Z0 and W 1

µ ,W
2

µ ! W+,W�

• Fermions acquire mass through Yukawa couplings to Higgs
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Particle content

Matter Higgs Gauge
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W (1,3)
0

dcR (3,1)
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Lagrangian (Lorentz + gauge + renormalizable)

L = �1

4
G↵

µ⌫G
↵µ⌫+. . . Qk /DQk+. . . (DµH)†(DµH)�µ2H†H� �

4!
(H†H)2+. . . Yk`QkH(uR)`

Spontaneous symmetry breaking

• H ! H 0 + 1p
2

✓

0
v

◆

• SU(2)L ⇥ U(1)Y ! U(1)Q

• B,W 3 ! �, Z0 and W 1

µ ,W
2

µ ! W+,W�

• Fermions acquire mass through Yukawa couplings to Higgs

3
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Grand Unified Theories
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• Gauge symmetry SU(3) x SU(2) x U(1)

• not a simple group

• left-right asymmetric (maximal parity violation)

• Matter content in different representations

• left vs right, quarks vs leptons

• Why three generations? (Why three space dimensions?)
(“Who has ordered this?” Rabi after muon discovery)

• Wouldn’t it be a revelation to have complete unification?

• one simple gauge group = one interaction

• one representation for all matter = one matter type/one 
primary substance 

Aestethics, Symmetry, Religion
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Attractive features of GUTsFlavor in Unified Theories A Minimal SO(10) Model

Gauge coupling evolution with threshold

K.S. Babu (OSU) Probing Flavor Dynamics at the LHC 8 / 38

• Gauge coupling unification

• Explanation for quantization of electric charges 

K. S. Babu, S. Khan,1507.06712
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• GSM = SU(3) x SU(2) x U(1)

• rank[GSM] = rank[SU(3)] + rank[SU(2)] + rank[U(1)] = 2 +1 + 1 = 4

• GSM < G, where G is the gauge group of the GUT theory

• rank[GSM] ≤rank[G]

• Rank 4: 

•  SU(5) unique rank 4 candidate:

•  no 𝛎R, no B-L symmetry

• Rank 5:

• SO(10): 16-plet

• Pati-Salam group G(442) = SU(4)c x SU(2)L x SU(2)

• Rank 6:

• E6

• Trinification [SU(3)]3

(Some) GUT group candidates

5̄ + 10
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• Breaking patterns: 

• SU(5) → GSM → SU(3)c x U(1)em

• SO(10) → SU(5) → GSM → SU(3)c x U(1)em

• SO(10) → G(442) → GSM → SU(3)c x U(1)em

• E6 → SO(10) → ...

• There are two aspects: 

• a) What are the subgroups of G with equal or lower rank? 

• b) Which Higgs fields are needed for the symmetry breaking?

• Branching rules:
How does a multiplet of G split up into multiplets of GSM 
after symmetry breaking?

• Example SU(5) → GSM : 5 → (3,1)2/5 + (1,2)-3/5 

Breaking patterns and branching rules
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